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ABSTRACT 

The phase space theory and its application to the analysis and 
design of discontinuous systems hes been discussed for both linear and 
Saturated systems with step and ramp inputs. 

The general approach is to analyze the futures of the trajectories 
in error space, and design various control computers to change the char- 
acter of the system at proper instants to make the system have fast and 
nearly dead beat response. 

For the purpose of applying the theory to physical systems, the 
idea of using low order signals to control high order systems hzS been 
investigated. And the idea of combining a continuous system with a 


relay servo system to form three mode operation has been introduced, 
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CHAPTER I - GENERAL DISCUSSION ABOUT DISCONTINUOUS SYSTEMS. 


INTRODUCTION 

In the investigations of control systems there are many individual 
works which can be included in the general classification of discontinu- 
ous systems. 

In the literature usually the work that has been done is to analyze 
a specific system with a specific input. Thig is because the situations 
or the problems encountered are different for each type of discontinuous 
system. In this first chapter a general discussion for a generalized con- 
trol system will be given. The main purpose is to look at the discontin- 
uous system as a whole problem with a general basic theory and then analyze 
all the possible cases to which this discontinuous theory can be applied. 
Since the main theory of discontinuous systems is for the purpose of design- 
ing a properly controlled switching action, therefore, we may regard the 
discontinuous system as a special case of the so called optimum relay 
control system or vice-versa. But the emphasis that needs to be put on 
the theory of discontinuous systems is that the switching operation is 
to change the character of the system at a proper instant rather than only 
change the polarity of the driving torque. In some cases the discontinu- 
ous system may have no switch at all, but the change of character of the 
system is according to the basic theory of discontinuous systems, We will 


analyze such kind of systems also. 





SECTION I - BASIC THEORY OF DISCONTINUOUS SYSTEMS. 

First consider how many possible cases there are to which one can 
apply discontinuous theory. Fig. 1-1 is a general block diagram for dis- 
continuous control systems. The whole control system is controlled by 
the control computer, which may be a digital or analog computer, an 
amplifier with relay, or a simple relay circuit. The control computer may 
receive signals from all the points in the system where signals can be 
measured or generated. The input, output and the error signals are usual- 
ly the important ones. Also it has the ability to use its input signals 
and provide other useful signals that can be derived from its input signals 
and generate its output signals to control the parameters of the plant, the 
controller and amplifier, or the feecback signals. 

The input signal analyser may be regarded as a part of the control 
computer. It analyzes the input signal to provide the required signals 
for the control computer. It may be a differentiator, integrator, a 
Sampler, a simple potentiometer, or a particular function generator. Its 
output may be the same as the input signal, or the input signal plus a feed 
forward path for compensating purposes. 

In the block of controller and amplifier, there may be an integrator, 
an amplifier with relay, with R-C network; or a low power amplifier cir- 
cuit which provides a compensated signal for the high power amplifier to 
drive the plant. The changeable parameters that can be controlled by the 
control computer are the gain of the amplifier, and the compensating cir- 
cuit in the controller. 

The output of the amplifier may be in various forms according to 


what kind of system or plant is to be controlled, 
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Fig. 1-1 General Block Diagram for Discontinuous System 
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The plant or load is the object to be controlled by all the other 
devices. Its output or operating character is designed to meet the 
specifications of the system. For example in electrical control systems 
the plant may consist of a motor driving an inertia and friction load; its 
output shaft is designed to follow the command of the input signal. The 
parameters that can be controlled by the control computer are the gain, 
the damping and/or the inertia. The specifications are settling time, 
overshoot, lagging error for ramp input etc. 

The feedback block consists of various signals that can be measured 
or generated by potentiometer, tachometer, differentiatoc or integratoc 
by using the output signal. The polarity, instant and period for its out- 
put to be applied to the controller is controlled by the control computer. 
Also the gains of the feed back signals and even their non-linearities 
can also be controlled by the control computer. 

The nonlinearities may exist in any :part of the control system. 

The control computer may only control or use a part of them or neglect 
all of them depending upon the requirement of the application. 

If some feed forward and feed backward paths around each block are 
added, then the system becomes more complex. Here consider that ali of 
these paths are included in each block already. If some specifications 
or limitations are put on the blocks then a specific control system cccurs. 
For example, by eliminating block (1), (4) & (5), let the controller take 
the job of the control computer, then this is a continuous servo system 
without feed back compensation. If in block (2) there is only an ampli- 
fier and a relay, then this is a simple relay servo system. If block (3) 
is a 2nd order plant and block (4) is continuous tachometer feedback, then 


this is a 2nd order relay servo system with tachometer feedback to shift 
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the switching line of the relay operation. The parameters of the plant 
can also be controlled by the controller or by the plant itself, using 
dynamic braking or stored energy braking. These had been discussed in de- 
tail by McDonald and Thaler (1957-1959). 

The poles of the plant may be real or complex, the controller may 
produce derivative signals by differentiating the error signal. By using 
these two blocks (2) & (3), various control methods have been developed. 

The basic theory along this branch of development is to design the con- 
troller to make the switch operate along a curve in the phase plane or a 
surface in phase space, that is the so called optimum response switch- 
ing curve or hypersurface. A very general analysis has been given by 
Fuller in his PhD thesis (1959). The phase space analysis theory applied 
to such systems has also been discussed in his papers (1959, 1960). A 
plant with complex poles has been discussed by Lotz (1960). 

For continuous systems (Block{2) consists of controller and amplifier) 
by using block (2) & (3), the so called cascade compensated system has been 
developed, Various papers discussing methods of finding the proper values 
of parameters in compensator circuits have been published. The theory of 
lead-lag network compensation seems predominant in this branch of develop- 
ment. Papers based on the root locus approach have been given by Ross, Warren, 
Thaler (1960) and Mariotti (1960). 

If the feed back path from output to controller is taken off, then this 
is an open loop system, it is useful in some application, but the usual servo 
System is based on the assumption that the output follows the input and the 
final error is to be made as small as possible. So this kind of system 
will not be discussed in the later chapters. 

Another approach to improve the response character of a control 
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system is the feedback compensation method. The simple case of feeding 

back the derivative signal of output is commonly used for compensating 

2nd or some 3rd order systems. The general block diagram consists of 

blocks (2), (3) and(4), The basic theory is to change the coefficients of 

the characteristic equation to meet the specifications. The root locus 
method is a pewerful tool for analysis and design. By the recently pub- 
lished papers the relation between transient character and the location of 
the dominant poles are clearly defined, also the phase margin and gain 
margin in frequency response can also be derived from the root locus method, 
Lf all the derivative signals of the output can be obtained, then such a 
system for linear operation can be designed very well to meet the specifica- 
tions. But unfortunately with high order systems the derivative signals are 
not easily obtainable. On the other hand, in high gain systems the main 
amplifier tends to be saturated even in 2nd order systems. The theory 

that regards the saturation of main amplifier as just a relay operation 

has been used by many authors. 

Before the block diagram presentation is made complex, by adding the 
control computer and input signal analyser, it may be helpful to look into 
the discontinuous damping theory first. 

The characters of discontinuous damping are possessed by many moving 
creatures in nature, The flying of the bird, the swimming of the fish, the 
running of the animal and, etc., because this is the best way to use limited 
physical strength (power) to accomplish traveling in a minimum amount of time, 
For example in a race cof sport cars, if the rule decided that the first prize 
will be granted to the person who can control the car to use a minimum of time 
to stop the car at a pre-selected spot with no over-shoot and no under-shoct, 
then the discontinuous damping method (braking) will play an important part. 


Maybe the manufacturing company will design the car not only to have a heavy 
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duty braking system, but also, may redesign the engine to have backward 

torque in the braking period. Other examples, a bird flying with high speed, 
before stopping on an object, first spans the wings and then stops. Why not 
just reduce the propulsion and let the speed go to zero and then stop? The 
answer is quite clear ‘that the bird has a discontinuous system to use and 

the discontinuous system gives fast flying ability and best stability. Other 
authors use the running of a train as an example for discontinuous sytems. In 
such an example the fact of economic consideration can also prove the dis- 
continuous sytem is the better one. 

Returning to automatic control terminology, some comparisons with 
other systems are helpful. 

The so called optimization switching theory is to instrument the con- 
troller of the system so that it will follow an optimum trajectory in space, 
the hypersurface used for switching is decided by the input and error signais 
and their derivatives, the trajectory stays always at either side of the 
hypersurface, i.e., full voltage is applied to the system at all times. But 
the discontinuous system is based on the theory that it is best to use maxi- 
mum drive at the beginning part of the trajectory, and to brake the system 
at a proper point on the trajectory. In other words, the character of the 
system is entirely different when the state point is at different sides of 
the hypersurface.* The die out part of the trajectory should be made as 
near the E VS. E plane as possible. From the projection view of the 
E vs E plane, the general trajectory for a step input will be as in Fig. 
1-2. The system may be linear or nonlinear, as long as the die-out trajectory 
can be made to stay or nearly stay in a state corresponding to overdamped 
systems, then the control computer can be simplified and the response can be 
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*See Fuller (1960) 
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Fig.1-2 Typical Response Curve of Discontinuous 
BENS Due To 7 Input 
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Fig.1-3 Trajectory Comparison 
(t)ordinary Optimization 
(2)Discontinueus System 


—— = 2 





improved, For example, in the second order relay servo system or a high 
gain system with saturation in the main amplifier, the difference in tra- 
jectory between an optimized switching system and the discontinuous system 
is indicated in Fig. 1-3. In case the die-out part of the trajectory can 
not be made a straight line, then the use of linear switching methods to 
approximate the die-out trajectory is still applicable. Typical trajector- 
ies for step inputs are plotted in Fig. 1-4. 

Since the switching action changes the character of the system at the 
same time, and a heavily damped (braking) system is used in the die-out part 
of the trajectory, then the die-out part of the trajectory is very near the 
E axis. [t may be a straight line or near a straight line. Then the pro- 
blem of controlling the switch can be simplified. 

The main point of the discontinuous system is to gain the desired re- 
sponse character by changing the character of the original system to make 
the linear switching method* at the die-out part of the trajectory possible. 
In other words the main point of design is to create a better acceleration 
and deceleration trajectory rather than follow the original so called opti- 
mum trajectory. The optimized switching theory can be applied to this 
continuous system also, but for many applications the linear switching 
method is good enough to be accepted. 

In a comparison with the continuous system, the phase plane method 
may be used to illustrate the difference. A continuous system, is usually 


designed to have some overshoot in the later part of the trajectory, because 


* Linear switching method - The operation of the relay is based on a linear 
differential equation, in 2nd order system it is a line; in 3rd order 
System it is a plane. 








Fig. I-4 Approximation for Step Inputs by Linear 
Switching Method . 
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Fig. I- 5 Comparison Between Continuous and Discontinuous 
_ Systems. (I)&(2)Continuous System, (3) Discontinuous 
System. 
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if the system is operated in the critical or overdamped condition the re- 
sponse is quite slow, 

But in 4 discontinuous system the acceleration trajectory can be made 
unstable or nearly unstable. The dfe-out trajectory can be made a straight 
line near the vertical axis in the phase plane (fast eigenvector). By throw- 
ing the switch at a proper point, the trajectory is like that in Fig. 1-2. 
The comparison with a continuous system is indicated in Fig. 1-5. 

Returning to the general block diagram in Fig. 1l-l, consider what the 
control computer can do. Assume that there is no input signal analyser 
and there is only one output from the control computer to control the feed- 
back signals. Then this is a discontinuous feedback system. If the con- 
troller and amplifier are continuous then the feedback signals compensate 
the system according to the output of the control computer. The feedback 
may be positive or negative, discrete, or with non-linearities. But the 
main purpose is to create a fast acceleration trajectory and a heavily damp- 
ed die-ouwt trajectory, The paper written by Ostrovskii (1958) gave a clear 
analysis, though it only discussed the step input and the form of the charac- 
teristic equation is also limited. Meiksin (1958) analyzed such systems by 
using positive and negative feedback. They both have made contributions 
along this branch of development. The limitation of this discontinuous 
feedback system are the availability of feedback signals and the saturation 
in both the forward and backward paths. For example in an electric servo 
System, if the derivative signal is produced by a tachometer and a simple 
differentiator, then the noise, and non-linear problems will become severe 
even in the 2nd order derivative signal. On the other hand, after the main 
amplifier ig saturated, the feedback signals lose their control ability, 
the system will have a relay servo character, and the trajectory will be de- 


cided only by the maximum output of the amplifier and the character of the plart. 
11 





In this case the feedback signals can only do the switching job. Since 
the switching operation can be controlled by the feedback signals them- 
selves, the control computer can even be eliminated. But in order to 
make the system have a good response for input signals other than a step 
input, the control computer will still play an important part. This will 
be discussed in later chapters, 

If an output is added to the control computer which controls the con- 
troller and amplifier, then it is a complex discontinuously compensated 
system. The term "complex'' is used because it is neither a simple feedback 
compensated system nor a simple cascade compensated system. To simplify 
this system take off the feedback block, then it becomes a discontinuous 
cascade compensated system. In the controller part, the gain of the ampli- 
fier, the error signal and its derivatives or integrated signals can be 
discontinuously controlled to provide an under or overdamped character, 

A switching action which inserts (or removes) the cascade compensators 
can also do the same job. In Some cases even control of an on and off 
switch can make the system have dead beat response for some particular in- 
put, such as the posicast method of control given by Smith (1957) and So 
& Thaler (1960). 

The combination system with discontinuous feedback and cascade compen- 
Sation may have various performances due to the different control methods 
used in each of the blocks(2)&(4), The initial condition and nonlinearity 
effect will become more complex. But this is a possible way to approach 
the problem of improving the character of the control system. It needs some 
investigation to show how much improvement can be obtained. 

If only the output of the control computer is used to control the plant, 
then this is another branch of discontinuous control system. The change- 


able parameters in block(3)include the gain of the motor, the inertia, 
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the friction or a special designed damping device such as electrical damper 
(discussed im later chapters), or the change of the polarity of the motor 
action such as three mode operation (discussed in Chapter VI). The theory 
of dynamic braking and stored energy braking may also be included in the 
general theory of discontinuous damping along this branch. 

If adding biocki(4) to the above discontinuous system, the compensation 
character will be improved, a higher order plant may be controlled better 
than before. Again block(2)may be a linear amplifier, a saturated amplifier, 
or a relay circuit controlled by the output of the amplifier. The feedback 
signal may be used to compensate the system or only for switching purposes. 
A relay servo with continuous tachometer feedback and with discontinuous 
friction damper may be considered as a good example. The tachometer feed-~ 
back controls the switching line, and the friction damper makes the die-out 
trajectory nearly a straight line which stays in the dead zone of the relay 
or nearly in the dead zone. By using discontinuous feedback, the change- 
able parameters are more than that in the above system. The discontinuous 
operations in block (3) &(4) may occur at the same instant or may be controlled 
seperately. The controller and amplifier may be linear or non-linear. Among 
the various combinations take as an example a discontinuous feedback linear 
System (or piecewise linear) with discontinuously controlled plant parameter 
(gain or friction). The contribution of each discontinuously controlled 
block is just as mentioned before. 

All of the four blocks (2) (3) (4) and (5)may be used. The rules for ex- 
plaining the characters of each combination is just as before, first by 
assuming some possible character for each block and then analyzing the com- 
bined system to see if there is improvement. 


If signals can be taken out from the blocks (2) (3)&(4) that are controlled 
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by the output of control computers, then these outputs from block (2), (3)& 

(4) can be used to feed into the control computer. The so called self-adaptive 
system has had long range progress along this line. The usually adopted 
method is to assume a non-linear parameter in a block and all the other 
parts of the system are linear. The general idea is to have a control con- 
puter which is affected by this non-linear parameter, and the output of the 
control computer is used to change another parameter to compensate the non- 
linearity effect. In discontinuous systems the same theory can be applied. 
The relation between the non-linear parameter and the output of the control 
computer may be designed to be different in the acceleration part and de- 
celeration part of the trajectory. In other words, the non-linear parameter 
may also possibly be used to improve the character of the system. 

Up to now the discussion has been general, concerning the possible ways 
to use discontinuous theory to improve the response character of systems. 
Also some comparisons have been made with the simple step input case, But 
the general switching theory and the response character of the system with 
other kind of input signals have not been discussed yet. In order to take 
this step it is necessary to have an understanding of the phase space anaiy- 


sis and design theory. 
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SECTION II - PHASE SPACE ANALYSIS AND DESIGN 

The basic concept of phase space is "choosing a set of time variables 
of the system as the coordinate axes, the futures of a particular set of 
time variable can be completely determined by their coordinate values 
(initial conditions) and the character of the forcing function. (For de- 
tail see Fuller’s paper, 1960). But for discontinuous systems one needs 
a description that is the futures of a particular set of time variable not 
only decided by the initial conditions and the character of the forcing 
function but also decided by the different characters of the system, be- 
cause the switching action is combined with the changing of the system char- 
acter to give optimum or fast response. 

A Review of the Phase Plane Method: 

Before studying the phase space theory it is helpful to review the 
phase plane theory. The commonly used phase plane uses error (E) and its 
derivative with respect to time (E) as the axes in the Cartesian coordin- 
ates, The form of the trajectories of under-and overdamped cases are 
sketched in Fig. 1-6a, b. 

By uSing discontinuous damping, the trajectory can be made as in Fig. 
l-6c (this part will be discussed in detail in Chapter II). Choosing a 
switching line which has a smaller slope (less negative) than the fast 
eigenvector, then the die-out trajectory will follow this switching line 
but may have oscillation (chattering) as in Fig. 1l-6d. If the switching 
line has a larger slope than the fast eigenvector, then there will be over 
shoot as in Fig. 1-6d. 

In some systems the switching line with smaller slope than the fast 
eigenvector is preferable, because this switching line causes no under shoot 


or over shoot, the switching point is not critical, the trajectory after 
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(b) 
Fig.1-6 Trajectories in Phase Plane for Second Order System. 
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entering into the switching line will stay on the switching line. The 
chattering can be eliminated by choosing the slope of the switching line 
near that of the fast eigenvector. 

The Trajectory Due to Step Input in Error Space: 

By using the analog computer the projection of the trajectory in various 
coordinate planes can be easily obtained. For third order systems a model 
of three dimensional error space (E, E, E) can be constructed. For any value 
of positive step input, the trajectory at first goes in the negative direc- 
tion of E axis and then curves back to the positive E direction, as the 
error is reducing (for stable systems) the trajectory is in spiral shape, 
the final point is the origin of the error space. The underdamped tra- 
jectory travels in various quadrants according to the sequence, 4°, 4, 3, 2, 
2', 1°, 4° .....in Fig. 1-7. The trajectory corresponding to the stable 
limit case is the one with its final part only in quadrants 4°, 3, 2, 1', 
4°, ...that is an ellipse with one diameter combined with the E axis, Ali 
the trajectories starting from any set of initial conditions in this phase 
Space will tend to reach this final ellipse. 

The overdamped trajectory due to a positive step input stays in 4° and 
4 quadrants. The more the damping the nearer the trajectory to the E axis. 
The phase trajectories corresponding to intermediate cases are spirals with 
their final part kept in a plane. The slopes of these planes (the inter- 
section line with the E vs E plane) tend to be reduced (less negative) 
when the damping is increased. 

By using a switch to change the system from the underdamped case to 
the overdamped case at various points along the underdamped trajectory and 
with various magnitude of step inputs or initial conditions, one finds 


that there are three hyper-planes* in this third order error space, in which 


* See Ostrovskii (1958) or Fuller (1960d). 
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Fig. 1-7 Coordinate Planes of Third Order Phase Space. 


E 


Ly 








the over damped trajectories starting at any point on these planes will 
stay in that plane and go to the origin of the error space, Any trajectory 
which starts at a point which is not on these three planes will tend to be 
tangent to that one of these hyper-planes which (near that starting point) 
has a less negative slope to the E axis. If the damping is very heavy, 
especially for an overdamped system with one small root and two large roots 
in the characteristic equation, then the last part of the overdamped trajec- 
tory will tend to be tangent to the slow eigenvector which is approximately 
a straight line near the E axis corresponding to the continuous overdamped 
trajectory, and the state point will move very slowly there. The projection 
of the trajectory on to the E vs E or EvsE plane wil] appear as an under- 
shoot or overshoot. Therefore, if one makes the control computer switch from 
the underdamped trajectory to the overdamped trajectory just at the point where 
the underdamped trajectory hits the hyper-plane this will give fast response; 
this is just like the requirement in the 2nd order case, to switch from the 
underdamped trajectory on a fast eigenvector. In this 3rd order error space 
one can also use a switching plane which passes through the origin but a 
little above the fast hyper-plane (has less negative slope), then the tra- 
jectory on both sides of this plane will tend to come into this hyper-plane. 
This converged case ig just like the 2nd order case mentioned before. Then 
by making the system underdamped at one side (upper) and overdamped at the 
other side (lower) the discontinuous system will give fast response to step 
input or various initial conditions. 

This statement may be extrapolated to the nth order system by saying 
this: By using discontinuous methods to produce an under and overdamped 
trajectory of the system for step input, fast response can be obtained by 


uSing hyper-surface* switching in the error space. 


*Hyper-surface (or hyper-space, hyper-plane, eigenspace, eigenplane, it is a 
plane in 3rd order space, a line in phase plane where the overdamped tra- 
jectories stay in it, if starts in it.) 
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The mathematical proof of this statement has been given by Ostrovskii (1958). 
Also the switching operations can be reduced to minimum if the die-out part 
of the trajectory can be made to stay in the hyper-surface (See Chapter II). 

The Effect of Driving Function: 

The differential equation of an type one nth order system with driving 
function is: 

9 eo Nei nN ° w 9 
eee AwE ARE + --- == -AniE AWE Soon) (lel) 
Since the type one system can not follow the acceleration signal input or 
higher order derivative signals, the differential equation may be simplified 
as: 
os n-1 n 

AoE +A,E + Ane + ----AnsrE +AnE = A,Wi (1-2) 
where UW! is the magnitude of the ramp input. 

By comparing this equation with the well known characteristic equation 
of the linear system with a unit step input, the effect of the ramp input is 
to translate the original error space to the positive or negative error 
direction by an amount of ee ,» (the lagging error). When feedback of 
the tachometer output is used to damp the system then the lagging error will 
be ( Ky + wi. For a heavily damped case this lagging error may be 
very large. Then another way must be found to design the control computer to 
reduce this large lagging error. Detailed discusstions about this problem 
will be given in Chapter V. One thing to consider is the character of the 
input signal which can be used to control the switching hypersurface, By 
feeding the input signal and its derivatives into the control computer, it is 
possible to design a control computer which gives proper switching action for 
various input signals, therefore, an input signal analyser is needed. The 


input signal analyser may be considered as included in the control computer. 


The discussion in the above paragraphs about the effect of driving 
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function seems to lose its generality. The switching operation that is 
based on a generalized mathematical approach has been given by Fuller (1960). 
This study is not only concerned with the switching problem but also with 
the damping used to change the character of the system, 

Among the ways to solve the problems in control systems there are two 
extreme cases, The one is to assume the computer can do anything. Once the 
mathematical solution is obtained then the problem is solved. The other 
extreme case is to assume that there is no ideal computer and the essential 
signals for control or compensating are unobtainable, the non-linearities, 
the noise problem and the limited equipments are such that the theory can 
not apply at all. In the former case there are many assumptions such as the 
system is linear or the non-linearily is confined to a certain type, but 
this is not the actual situation in real physical systems. The mathematical 
solution can only be used as a guide to design. In order to apply the theory 
to physical systems, some modifications usually have to be made. The general 
method is based on approximation. But how well the approximation can be de- 
Signed is also a problem that needs to be considered. Since the theory of a 
discontinuous system had been generally discussed in this chapter, then some 
examples are needed to illustrate how well the theory can be applied. Also 
needed are some numerical examples to get a clear idea about the problems en- 
countered in actually designing physical systems. The later chapters are 
written with this purpose. The approach used to solve problems later is close- 
ly related to the actual physical system with no attempt to use complex com- 
puters. This also can provide the idea of how to obtain (the best result 
from a poor situation). Of course, it is apparent that the better the theory 


which can be applied the better the results, 


Ze 





From the general block diagram in the first section, it is known that 
there are many possible ways to apply this discontinuous theory. Many authors 
have made various investigations along several branches of this discontinuous 
system theory. In the following chapters the investigations are made for 
several systems, they all have different characters. The general applica- 
tion and the modifications of the theory are given in each chapter when- 
ever they are needed. There are many problems for which a complete solution 
cannot be given in these few chapters. In some cases it is possible only to 


point out the general ideas. 
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CHAPTER II - PHASE SPACE ANALYSIS AND DESIGN OF LINEAR DISCONTINUOUSLY 
DAMPED FEED BACK CONTROL SYSTEMS 

Part I - General Description 
SECTION I - SYNOPSIS 

Linear systems can be designed to have very fast responses with essen- 
tially deadbeat performance by designing compensating loops which are switch- 
ed in (and out) of the system as required. Fast response is obtained by 
using an unstable or nearly unstable uncompensated system to provide the 
desired rise-time. Deadbeat performance is obtained by designing the com- 
pensation loops to provide an overdamped system when the compensation is 
switched in. Selection of the real roots for the overdamped system is based 
on the desired location of the eigenvectors in the phase space. A switching 
computer is required which connects the compensation loops as the state point 
reaches a hyperplane which is related to the eigenvector in a special way. 
The computer is readily realized from derivative signals, and considerable 
engineering simplification is permissible in both the compensation design 
and the switching ccmputer because of the topological nature of the phase 
portrait in the vicinity of properly chosen eigenvectors. Experimental 
results verify the theoretical conclusions. 
SECTION If - THEORETICAL BACKGROUND. 

It is clear from linear theory that a feedback control system with 
high gain has fast response and is accurate in both static and steady state, 
Unfortunately high gain is usually accompanied by light damping with conse- 
quent oscillatory transient response. Various investigators have proposed 
schemes which essentially vary the damping as some function of the error to 
obtain small y when the error is large and vice versa. Perhaps the simp- 


lest and most obvious approach is that of varying the gain of the main 
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amplifier as suggested by Blumenthal and Beets Another early and attrac- 
tive proposal is that due to Lewis which uses a nonlinear signal to produce 
a smooth variation in ¥ throughout the range of cperating inputs. Other 
proposals have suggested a discontinuous change in * » Two such investi- 
gations have dealt with relay eaves tenere the damping loop was permanent- 
ly connected but was operative only in the relay dead zone. Still others 
have been concerned with switching in a feedback loop. Pliigge-Lotz and 
Taylor propose to alter both position and velocity feedback in step fashion 
according to a predetermined schedule which is implemented by a fairly com- 
nlex computer. emis tne prone sec Switching in the main feedback path from 
positive feedback for fast rise time to negative feedback for good damping. 
For second order systems switching along an eigenvector is easily instrument- 
ed, but « gaits: design suitable for overdamped dynamic response may not be 
compatible with static accuracy requirements. For third order systems eigen- 
vector switching is recommended, the mathematical development of the switch- 
ing criterion follow the matrix methods of Bogner and Kazda’ and lead to a 
rather complex switching computer, two switching operations being normal 
operation, though simplification of the computer and use of only one switch- 
ing operation obtains under special conditions. Another discontinuous damp- 
ing scheme is proposed by Sereou sine who suggests switching in feedback 
paths to alter the coefficients of the closed loop differential equation. 


The results reported in this chapter with advantages as indicated, are in 


extension of this latter concept. 





SECTION III - PHASE SPACE ANALYSIS 
The differential equation of an Nth order linear feedback control 
system may be expressed as 


n—-i 


AE + Ae + AE eee eee At = SE, ey aie) (2-1) 
The characteristic equation has roots, which may be real, imaginary or 
complex depending on the values of the A's. Assume two sets of values for 
the coefficients, such that for one set there is a dominant pair of roots 
which are deliberately set near the imaginary axis to provide a suitable 
rise-time, and for the second set of coefficients all roots are real and 
negative. Since both equations are of the same order their phase portraits 
may be studied in the same phase space. For the underdamped case the singu- 
lar point is a focus and the phase trajectories Converge on this focus. 
When the system is stable all trajectories ultimately reach the origin of 
the error phase space providing: 

Ll. The system is Type l and is excited by initial conditions and/or 

a step displacement. 
2. .The system is Type 2 and is excited by initial conditions and/or 
a step displacement and/or a ramp function, etc. 

For the overdamped system (all real negative roots) the entire phase space 
is filled with trajectories which terminate at the origin (for the same 
conditions as above) and most of these trajectories exhibit a monotonic 
variation. It is well known that for each of the real roots there is an 
eigenvector, which corresponds to a phase trajectory that is a straight 
line. It is possible to construct hyperplanes such that each hyperplane 
corresponds to an eigenvector, and each hyperplane also contains a sub- 
set of complete phase trajectories. When the hyperplanes are chosen so 
that they contain a complete sub-set of phase trajectories, they subdivide 


the phase space into regions such that no phase trajectory can pass out 
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of one region and into another. Thus the hyperplanes act as boundaries 
which funnel the phase trajectories into the origin. 

During operation of the system only one of the two equations can be 
effective at a given instant, but for purposes of analysis assume that 
both families of phase trajectories exist simultaneously. At every point 
in the space two trajectories (and only two) intersect, one curve being from 
each family. If a step displacement is applied to the underdamped system the 
state point follows a selected trajectory which intersects an infinite 
number of phase trajectories of the overdamped system. If the proper com- 
pensation circuits have been devised to change the coefficients of the 
characteristic equation from the selected underdamped case to the selected 
overdamped case, then the switch interserting these may be thrown at any 
time, and the state point transfers smoothly from the underdamped trajectory 
to the intersecting overdamped trajectory. To prove this it is only necessary 
to note that the coordinates of the state point at the switching instant are 
Pe = (E ee a pte ey ee re hee E) - Now this point lies on both phase tra- 
jectories and thus satisfies both characteristic equations, all derivatives 
being continuous except the nth, in which discontinuity is permissible. Note 
that this condition obtains for any arbitrarily selected switching point, 
and as a result a transientless switching operation is always obtained. 

To provide automatic switching at the preselected point, note that a 
Straight line through the origin of the phase space and through the select- 
ed switching point has direction numbers E : Ec, Ees- -_-- = and 


the symmetric equations of this line are 


; oe n-! 
E = a F (2-2) 
er ae = Mi aaty a Dae oe a Sa Sl eS ae 
Ere ey Oe Ze 





This is not a convenient form for implementation of a switching computer, 


so it is noted that a hyperplane containing this line is given by 


o ‘ew n-i 
- ere, umes (2-3 
AE +t ae+ab&+...a & =O ) 
where the coefficients ay» ay» etc. are chosen so that 
< a° ni 
fE t+ rE ere Lc E = 
Cree aca n-1s 0 (2-4) 


Equation(2-3)indicates that the only switching computer needed is an add- 
ing amplifier, providing all of the derivative signals are available or 

can be generated. Such a switching computer is sensitive to all of the 
points on the hyperplane defined by equations(2-3) and it is necessary that 
this hyperplane be carefully chosen if specified performance is to be ob- 
tained. When a step displacement input is the only input to be considered, 
only those phase trajectories starting on the error axis are important. 
Assume that a switching point on one of these step response trajectories 

is chosen to define equations (2-2), (2-3), (2-4). All other step traject- 
eries pierce the hyperplane of eauation (2-3) along a straight line through 
the origin which may be considered a mapping of the E-axis in the hyperplane. 
Thus for step displacement inputs only a line in the hyperplane is actually 
used for switching, and any other hyperplane which contains this line may be 
instrumented and used if more convenient. Note that while the step response 
is insensitive to the hyperplane chosen, the response to other inputs is 
affected. It should also be noted that a computer designed to implement 
equation (2-3) produces an output the sign (or polarity) of which depends 

on the sign or direction of the step input. Then for use with a polarity 


sensitive relay a satisfactory switching equation in 


2 © te Nn-i 
oat ae a 
E(QE+ aE +ajE +... %_jE ) =O (2-5) 


Several practical modifications of this are discussed in a later section. 
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The system is discontinuously damped because the operation of the 
switrh circuits which change the roots from complex values to real, nega- 

tive values. Nevertheless the system may be considered linear for step dis- 
placement inputs. Note that the switching hyperplane subdivides the phase 
Space into two regions, and in each region the system is completely linear 
but in each region a different linear differential equation applies. How- 
ever, the switching is a straight line through the origin of the phase space, 
and this insures that the initial conditions after switching are always 
directly proportional to the magnitude of the step. This leads to the follow- 
ing characteristics: 

a) The rise time to the switching point is the same for all magnitudes 

of step. 

b) The settling Siero the composite system is constant. 

c) The percent overshoot (if any) is constant. 
These features are independent of the choice of a switching line, but the 
numerical values associated with each depend very much on this choice. Since 
the purpose of discontinuous damping is to permit a very fast rise time with 
deadbeat (or nearly deadbeat) response and a minimum settling time, the follow- 
ing considerations are important: for fast rise time switching should be 
delayed until E is as near to zero as is permissible; for deadbeat response 
due to the heavily damped system, a trajectory must be selected which is near- 
ly a straight line to the origin (i.e., a fast eigenvector if this is possible) 
Since departure from this choice leads to the long-tailed response (long set- 
tling time) characteristics of overdamped systems. 

For second order systems switching on the eigenvector is possible and 
practical. For higher order systems the trajectory of the underdamped 


System selected by the step displacement input does not pass through that 
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line in the phase space which is the desired eigenvector and therefore the 
optimum trajectory is not available. However, for each eigenvector there 
exists a hyperplane such that a sub-set of trajectories lies entirely in 
this hyperplane and these trajectories become tangent to the eigenvector 
at the origin. In general the equation of this hyperplane is known to be 
one order lower than the characteristic equation, and is formulated by 


Simply removing the root corresponding to the eigenvector. Thus 


n-! cen n-2 c=n 
cs2 c= 


is the equation for the hyperplane for removed Y, . It is also the 
defining equation for the switching computer needed to introduce the discon- 
tinuous damping. 

Fig. 2-1 shows two phase portraits on the E vs. E plane for an 
overdamped third order system. Note that in both cases the three eigenvec- 
tors can be located, and are straight lines as expected. Fig. 2-la was 
obtained such that all of the trajectories around the eigenvectors lie only 
in the hyperplanes associated with that eigenvector. For Fig. 2-ib the 
initial conditions were chosen such that the trajectories are in the vicin- 


ity of the hyperplane but not actually in it. 
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SECTION IV - THEORETICAL CONSIDERATIONS 

In the design of a discontinuously damped system of this type, three 
theoretical problems (and some other practical ones) arise. These are the 
design of the uncompensated and compensated linear systems, the selection of 
the hyperplane, and the design of the switching computer. In general the 
design of the uncompensated system would be a single loop design with gain 
set to satisfy both the steady state accuracy requirements and the rise 
time requirements. The resulting system is expected to be very lightly 
damped, perhaps unstable. As far as the theory is concerned an unstable 
system is permissible, in practice a stable system is more desirable be- 
cause of the possibility of a failure in the switching loop, so some fixed 
compensation may be used. The design of the overdamped system is accomplish- 
ed very simply by arbitrarily selecting a suitable set of real roots, evalu- 
ating the coefficients of the corresponding characteristic equation, then 
computing the gain constants for the various derivative signal channels 
which must be used as compensaters. For the case in which the input signal 
is restricted to a step displacement input the derivatives of error are 
numerically equal to the derivatives of the output signal except for a 
factor of -1.0, so the generalized block diagram is as shown in Fig. 2-2. 


The equations are (assuming that G(s) has no zeros). 





G(S)= 5 ans x | 
Ss + ae +, + cs tone + CY, Fats oe )S (2-7) 


and the composite feedback function when the switch is closed is 


2 (2-6 
BG) =| -AS+ 8S fo. SNS" we 
where nH >N , and normally n=N-4i1, 
Then 
KCL +AS +85" + o-+ + No" ; 
G(s)H(S) = a nel (2-9) 


s+ Geee NS +une + Gia ie oe 
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and if MN=WN+i the characteristic equation becomes 
Deo (Ay te KM) eae (Tee + KX)S* 4+ EBS KAS K 
(2-10) 
For a Type 1 system X = 1 and the characteristic equation becomes 
Bes TUT ty tere t RMS + +9 (71,9575 «es HAS TK ey 
All Y ‘s are known from the uncompensated system, K is known, and each 
desired coefficient is known from the arbitrary selection of the real roots, 
thus each coefficient in equation(2-1l)may be equated to the corresponding 
coefficient for the desired overdamped system and A, B, C, ...-N are evalu- 
ated. The choice of real roots is based on a desire to obtain rapid damp- 
ing of the response during the overdamped mode of operation. To obtain 
this, one and only one of the real roots is chosen quite small, all others 
are chosen quite large. This combination gives rise to an eigenvector which 
projects on to the E vs. E plane at a relatively small angle to the E-axis, 
and the hyperplane associated with this eigenvector is used as the switch- 
ing surface, When this is done the initial conditions at the switching 
instant cause the residue at the smallest root to go to zero, thus the seét- 
tling time is controlled solely by the large roots and as a consequence is 
quite small. To show that the smallest real root does not appear in the 
transient response after switching, consider a third order system for which 


the differential equation is 


oe wv 


a (r, ei, r3)E + Om oe Y, V3 T ¥5 mE Yi mYyZE=O 


(2-12) 
and the real roots are 1,<¥2<%. 
Equation(2-12)has a solution 
a “Yt aie 
aa 2 oe 
E(t) =f ,e + B.e + 6 ,e. 
(2-13) 
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where 
_ RYZE, t (YQ + Ya) BE. + E. 
Le alte” YJ, =X) (2-14) 
Es E and E. are the initial conditions and Bo and B3 are not relevant 
to this discussion. Now the hyperplane at which switching occurs is chosen 
to be: 

HREt (QZ +TZ)E+E =0 ae 
therefore, when switching occurs at any point in the hyperplane the initial 
conditions at that point force the numerator of equation (2-14) to zero, 
and the B, ae term disappears from equation (2-13). This is true for 
any Peace equation. For a third order system such switching reduces the 
response to a second order response, thus motion is in the hyperplane. For 
higher order systems motion is confined to a subspace of order N-1l. Since 
every point on the resulting phase trajectory satisfied equation (2-6), the 
switching computer output remains at zero and the switch has no tendency to 
reopen. 

The function of the computer is to operate the switch when the state 
point reaches the selected hyperplane. Thus equation (2-6) must be mechan- 
ized, which is relatively simple since it may be assumed that all derivative 
signals have been made available in providing the compensation loop. It 
only remains to scale the magnitudes of these signals to provide the co- 
efficients defined by the chosen roots of the overdamped system. This can 
usually be done with potential dividers, then the signals are summed to 
formulate equation (2-6), and the summation signal feeds into a circuit which 
operates a relay when the signal goes to zero. For a polarity sensitive re- 
lay circuit to recognize the difference between positive and negative steps, 
one solution is to multiply equation (2-6), by E. This complicates the 


computer machanization, however, and for many applications other methods 
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may be substituted. For an nth order system, equation (2-6) is the equa- 
tion of the hyperplane which corresponds to the eigenvector and thus is the 
defining equation for the switching computer. If this hyperplane is used as 
a switching surface for step displacement inputs, each phase trajectory starts 
on the E-axis and pierces the hyperplane at some point waich may be called a 
switching point. The loci of these switching points is a line on the surface 
of the hyperplane. Furthermore it is a straight line which passes through the 
origin. Note that only the points on this line are used in switching. There- 
fore, if any other hyperplane can be instrumented in the switching computer 
such that the new hyperplane intersects the switching hyperplane along a trace 
which is exactly the switching line, then for step displacement inputs the 
operation of the new switching hyperplane is exactly correct. Since the switch- 
ing line is a straight line through the origin, its projection onto the E vs. E 
plane is aiso a straight line through the origin. The equation of this line is 
readily computed and is of the form 

oa ONG = 0 (2-16) 
A switching computer to instrument this is a very simple adder, and because 
of the simplicity the coefficient A may be set by adjustment rather than calcu- 
lation. The surface thus defined is a hyperplane which (in the three dimen- 
Sional case) is perpendicular to the E vs. E plane. When switching occurs 
in response to a step input, the state point does not remain in the surface 
defined by equation (2-16), but in the surface defined by equation (2-6). 
Thus the switching computer develops an output and the relay will reoperate 


unless proper precautions are taken in the design of the switching computer. 


oy 





SECTION V - ANALYTIC AND COMPUTER VERIFICATION 
Second Order System. 

Consider the block diagram of Fig. 2-3a with transfer function as 
given in the blocks. 


The differential equation of the system without compensation is 


E+2.6E+ 64E=0 (2-17) 
for which f = 0.162, aye 8. For the compensated system with H = 0.3 
the equation is 

E+ 21.8 E # 64 &=0 (2-18) 


for which the real roots are at -18.3 and -3.5. For H = 0.96 
E+ 64 E+ 64 G20 (2-19) 

and the real roots are at -0.995 and -63.0. For the second order system 
the eigenvectors of the overdamped equations are in the E vs. E plane and 
thus can be used as switching lines. The two eigenvectors can be located 
easily since they are precisely those isoclines for which the slope of the 
isocline is identical with the slope of the trajectory and also is the 
value of the real root. To illustrate ete: 2-3b shows an isocline 
plot for equation(2-18)and Fig. 2-3c shows an isocline plot for equation 
(2-19). Typical trajectories for operation as a discontinuous system have 
been constructed and it is apparent that slight inaccuracies in switching do 
not cause a significant difference. 

This system was simulated in the analog computer as shown on Fig. 2-4. 
The switching line is instrumented very simply as a summer amplifier opera- 
ting a normally closed two position relay, When the step is applied the 
relay automatically opens and remains open until the eigenvector is reached, 
at which point the relay voltage reduces to zero and the relay drops out, 
closing the damping circuit. For all points on the ene Ceor this vol- 


tage sum remains zero and the relay is not actuated. The relay is sensitive 
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Fig. 2-3 Block Diagram and Phase Plane Plots of a Second Order - 
System with Discontinuous Tachometer Feedback (For 
detail see Part ITI) 

(A) Block Diagram. 
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Fig. 2-3 (C) With large Tachometer Feedback. 
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Fig. 2-4 Analog Computer Set up for a Second Order System with 
Discontinuous Tachometer Feedback. (For detail see Part II). 
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only to magnitudes, so no additional devices are required to distinguish 
between positive and negative steps. Fig. 2-5a compares the step responses 

of the underdamped, overdamped and discontinuously damped systems, Fig. 2-5b 
shows the transient responses obtained with various magnitudes of step input, 
and Fig. 2-5c shows the effect of variations in the switching computer adjust- 
ment. The slope of the switching line is readily adjusted by changing the 
magnitude of the velocity signal fed to the computer. Fig. 2-5c indicates 

that a wide range of adjustment is permissible without significant changes 

in the response. This, however, is due more to the characteristics of the 
switch and computer than to the phase plane topology. Curve 1 in Fig. 2-5c 

is the eigenvector trajectory and the system operates as predicted, with no 
additional operations of the relay. For earlier switching the trajectory 
should seek the slow eigenvector and thus should be concave upward. Actual- 

ly the deviation of the trajectory from the switching line caused the relay 

to reopen repeatedly so that the trajectories shown are due to the system 
chattering down the switching line. For late switching the oef ccemeiee in 
this case are so nearly straight that the relay did not reoperate until the 
switching delay produced curve 4 and reversion to the underdamped condition 
then caused a tremendous overshoot. Thus this particular choice of a switch- 
ing scheme permits early switching over as wide a range as desired providing 
relay chatter is acceptable. The actual trajectory obtained with relay chatter 
provides a faster response than would be obtained if it were possible to follow 
the overdamped trajectory from the same initial switching point. Late switch- 
ing is obviously dangerous in this case. The width of the zone permissive 

for late switching depends on the sensitivity of the relay-switching computer 
unit, and if the gain of this circuit is high late switching may not be accept- 


able at all because of the possibility of reoperation of the relay causing a 
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Fig. 2-5a Analog Computer Plots for a Second Order System with. 
Discontinuous Tachometer Feedback. (1) Underdamped, 
(2) Discontinuously Damped, (3) Overdamped. 
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| Fig. 2-5Sce Illustration of the effects of Variations in the Switch- 
“4 ing Computer Adjustment, 

1 (1) Switching on the eigenvector, (2) Switching early, 
(3) Switching later, (4) Switching too late. 
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large overshoot. 
Third Order System. 

The block diagram of Fig. 2-6a shows the system, including transfer 
functions. The roots of the uncompensated system are at -0.180; -0.0006 + 
j0.0625. For the compensated case the roots were chosen at -0.0115; -0.178; 
-0.354; from which the gains required in the feedback path are H = 44,5; 
M= 15.8. Fig. 2-6b shows the analog computer implementation including 
the switching circuit which is, once more, just a summer amplifier driving 
a normally closed relay. Note that two techniques were used to obtain the 
required 6, signal, a normal differentiator-amplifier, and a simple R-C 
circuit. This was done for two reasons: practical applications normally 
require the simplicity of the R-C approximation, and thus it is important to 
know whether the added pole disturbs either the damping or the switching. 
Then, too, a performance comparison between the exact and approximate sys- 
tems seemed necessary. 

Fig. 2-74 compares the transient responses of the overdamped, under- 
damped and discontinuously damped systems, and Fig. 2-7b compares the fre- 
quency responses. On Fig. 2-7b curve (1) is the frequency response of the 
underdamped system, and also of the discontinuous system when the relay or 
switch has negligible dead zone. (With sinusoidal input all steady state 
signals vary periodically and equation (2-6) is satisfied for infinitesimai 
time on each cycle, so the damping is inserted for essentially zero time.) 
When the relay has small but appreciable dead zone the discontinuous damp- 
ing is quite effective and the frequency response is curve (2) for a wide 
range of signal amplitudes, In the specific case tested for a range of 
test signal amplitudes of 0-50 volts (above 50 volts amplifiers saturated) 


curve (2) was obtained for all amplitudes from 7 to 35 volts. For amplitudes 
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Fis. 2-6b Analog Computer set up for a third order system. 
(For detail see Section III (B) in Part II) 
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Fig. 2-7b Frequency response of a third order system (computer set up). 
° (1) Underdamped, (2) Discontinuously damped, (3) Overdamped. 
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between 35 volts and 50 volts the system became underdamped, approaching 
curve 1, and for amplitudes from 7 to 0 volts the frequency response approach- 
ed the overdamped condition of curve (3). In taking the data many output 
wave shapes were distorted, and the amplitude of the fundamental was esti- 
mated. The R-C differentiation was not used for these curves. Fig. 2-8 
uses the phase plane to show the effect of the R-C differentiator on the 
System response. It is readily seen that the performance using the R-C 
circuit is negligibly different from that using the theoretically exact re- 
lationships. Early and late switching can be accomplished in this case 
also, by merely adjusting the coefficient of the E term in the switching 
equation. The results are essentially the same as for the second order 
case (See Fig. 2-5c) and the same comments apply. 

Fourth Order System, 

To extend the theory to higher order systems, to verify its applic- 
ability to actual physical systems, and to investigate the need for (and 
effect of) practical approximations to the mathematical requirements, a4 
closed locp positioning servo was assembled. This consisted of a D. C. 
amplifier, amplidyne generator, and a 1/4 H.P. shunt motor in cascade. D. 
C. excited potentiometers were used for an error detector, the load was a 
large inertia, and aD. C. tachometer was attached. The gain was set to 
provide a stable but badly underdamped system. Open loop frequency res- 


ponse tests provided a transfer function 


Se. a 23774 | 
Eo? S$ (548) (SFI 55 4711-3) (S401.55 — lh -3) (2-205 


From this the roots of the uncompensated system are at -0.35 + j8 and 
-15.15 + j11.89. During the tests RC differentiating filters were cas- 
caded with the tachometer and various derivative signals observed. The 


second derivative signal was quite noisy and the third derivative signal 
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Fig. 2-8 Comparison of response uging R-C differentiator instead of 
computer differentiator. 


Computer differentiator 
R-C differentiator 
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waS too noisy to use. It was decided not to use the third derivative 

signal at all, and preferably not the second derivative signal. However, 

it is easily shown that the system cannot be overdamped using tachometer 
feedback only, but using both first and second derivative feedback roots 
can be placed at -3; -6; -11.5 + j33.7. While complex conjugate roots 

exist the system is completely overdamped for a step displacement input. 

The second derivative signal was too noisy to use in the switching computer, 
thus the computer had to operate on E and E Signals only. 

It was considered desirable to study the system on the analog com- 
puter first. The under damped and overdamped systems were simulated with 
roots as indicated and the correct hyperplane switching surface computed 
using the same scheme applied to the second and third order cases, Typical 
transient response curves are shown on Fig. 2-9. A simplified switching 
equation was instrumented using only E and E signals in the form 

E + AE = 0 (2-21) 
The theory and calculation of coefficient A, and some additional instru- 
mentation requirements have been discussed. Fig. 2-10 uses the E vs. E 
plane to compare the results of switching at the theoretically correct 
hyperplane with those obtained by switching at the hyperplane defined by 
equation (2-21). Fig. 2-11 indicates that the choice of the coefficient A 


moenot critical. 
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Step response of a fourth order system, 
(1) Underdamped, (2) Overdamped, (3) Discontinuously damped. 
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SECTION VI - PHYSICAL SYSTEM VERIFICATION 

Fig. 2-12 shows the schematic diagram of the control system tested. 
Parameter values are indicated. The modifications of the switching cir- 
cuit are necessary to prevent reopening of the compensation loop. Fig. 
2-13a shows a family of transient response curves obtained from the physi- 
cal system, with range of step amplitudes in excess of 100 degrees. Fig. 
2-13b shows the effect of varying the coefficient A in the switching 
equation. It is apparent that acceptable step responses can be obtained 
over a reasonable range of adjustments of the switching computer. (For 


details see part two of this chapter). 
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Fig. 2-12 Schematic Diagram of the Tested 4th Order System | 
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Fig. 2-l3a Transient response for different magnitudes of step input. 
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SECTION VII - DISCUSSION AND CONCLUSIONS 

From the equations, circuits and computer studies presented it is 
apparent that the concept of discontinuous damping of linear control 
Systems is a relatively Simple concept; the compensation loops required are 
easily determined, the parameter values easily calculated, and the switch- 
ing computer for step inputs is readily designed. The results show a 
consistently fast, deadbeat response for step displacement inputs. 

When the principles are applied to physical systems, no difficulties 
are anticipated with second and third order systems, since only first and 
second derivative signals are required. For higher order systems some 
difficulties are encountered due to the noise levels in the second, third, 
and higher derivatives. These difficulties may be avoided for the case 
of step displacement inputs by the simple procedure of not using the high- 
er derivative signals. Feedback loops utilizing only lower derivatives 
can usually compensate the system so that its step response is overdamped. 
A switching computer may also be designed without using higher derivatives. 
For step displacement inputs a switching hyperplane giving precisely correct 
switching for any order system may be instrumented using only E and E 
signals. The theory has been verified by computer simulation and by de- 
sign and test of an actual system. It has been showr that suitable engineer- 
ing approximations are available for the generation of derivative signals 
and for the formulation of a practical switching computer. 

It should be noted thatthis type of system is quite insensitive 

*o disturbances. Because the compensation used is solely of the de- 
rivative feedback type no attenuation is introduced when the feedback cir- 
cuits are closed. Thus under static conditions any load disturbance is 
not only opposed by a maximum forward gain but also by maximum damping. 


Thus oscillations are not likely to occur unless the load disturbance is 
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Severe enough to make the relay open the damping circuits, 
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CHAPTER IT Part II DETAIL CALCULATIONS, PLOTS, COMPUTER SETUP AND 


EXPERIMENT RESULTS 


SECTION I- PHASE SPACE MODEL FOR INDICATING THE PLANES CORRESPONDING TO 


EIGENVECTORS 


The equations used for Fig. 2-1 in Part IL of this Chapter are 


Sete 2 eG. 40.64 6c + 6. = Cz (Under damped) (2-22) 
Gc +356. +35 O& 4 6c =p (Over damped) (2-23) 
For step input the characteristic equations are 
E+ 202 & + 0.54. iE. +E =O (2-24) 
Mee hee Soe ot ES =O (2225) 
fine real roots for Eq. (2 -25) are at -\,,-Y2, -Y, 
Boere Y, =9.5 » Y2 =i, R= Zz 


The equations for the three Hyperplanes are 


U,=Y,BET(ht+GE +E =O (2-26) 
(ene Gish ie oe =i (2-27) 
Clan (ys )eEa ec =i5 (2-28) 
- eee Ee 2 | (2-29) 
Uo = S26 eE re = 0 (2-30) 


Ths 
| 


U3 = OSE +S E + 0 (253i) 


The computer setup is the same as in Fig. 2-6b. The setting values 


are in the table below (Table 2-1). The recorded plots are in Fig. 2-14a, 
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SECTION II - SECOND ORDER SYSTEMS 
(A) Phase Plane Analysis of a Second Order Servo System 
with Discontinuous Tach. Feedback, 


From Fig. 2-3a - For under damped case 


ha snr 64 (2-32) 
a) S€s 72:6) 
Fees = Se ee (2-33) 


Soe ot EA. 


For a Step input 

















E+26E +b4E =O , Y¥ =O/E2 , n= 8 (2-34) 
Let N= d(Efin ) 
dz 
Then E ns -E 
Wa N +3452 
For over damped case, h = 0.3 
mor : ede (2-35) 
$7 4216 OS 
Me) es) sss Bed (2-36) 
F s* +2/,8S5 +64 
= | 
Let § ~+21:05 +64 =O then af 10.304 | Ye = 3,406 
— 
and E —— ae 
bn Nt+27z2¢  —~KE 
For 2 = eae = 0,43) i Goreiae37) 
ms S = a F 
it = alee SS oe he es aD 
Wy, rs 


Then when the switch is closed on these two lines, the trajectory 
will be following a straight line and goes to the origin. 
If switching wesw nese thia linegethe trajectomsy with still go to the 
Origin with no overshoot or undershoot, But for large value of tachometer 
feedback the switching operation needs to be accurate, otherwise overshoot 
or undershoot will occur, The calculated values and plots are given in Table 
2-2 and Fig. 2-15, 2-16. 
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inuous Tach. Feedback. (h = 0.3). 
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(B) Analog Computer Study of a Second Order Servosystem with 
Discontinuous Tachometer Feedback 
Mathematical Solution 


From Fig. 2-3a, for h = o 


2 
Re ee a of ss 2-39 
Ce 5742.65 +64 Or $7 #2yiins + Wh =o 
For unit step input 
Ww. wAt e ; i 
eo [ia € Aim (Wet +1) ] w(t) (2-40) 


where Y == 30.7" , A = Ploy ee eat 


& 
° hee a 7 
ge p= O5MED Ge = SSA TM sin (uct) Mle) ae 


c 
Semay, = O797 ot + = 0.3923 Sec. 
Ceca 3.16 of «+ = 0.17845 Sec. 
J mag. = 16 
For h = 0.3 
64 


¢s) = ———_—__—__—_—_— 
Fe 67 +2/-BS +64 


poles at -i6.3904 and —3.496,. The equation for the switching line is 


(2-42) 


U = 18.304E -E =0 (2-43) 
For step input wu =13.304E- @ =O0 (2-44) 


Computer setup for Fig. 2-4 in Part I. 


(-J) = (2a — 3206. = 32holw, = 


oy Oc Ls as XT o 
an mo np ee —_ we 
— We @£ — W2 Go — Wh Bo Ca) 
f 
$ +i pt Wy (2-46) 
Ww os F/y a TG 
5 len oc ar ee 
— . . = a 
[-2] “awa a pt WS UW } (2-47 
Via tie, lee 
5 od vole , 
A —— Wy Oe: -—-wsee.-- W9 @¢ (2-48) 
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For Gp =400 


dy = hy = der = 6, =0.00444 


AW, = 0.07104 


OS ae Gee 
Then 

Ws = 0.996 RE, = 10 Ry me | a, = 0.0996 

Wo = 0.996 Ry = | a, = 0.0996 

Wh = 2,11 RL = | a = Oeelt 

W, = 0.455 CE, = 1.06 Ry =] a, = 0.482 

Wy = 0s bs Ry = | ay, © 40, 135 

We =z 0.354 Cf, = 0G Re = 4) a. = Our» 
= f = = = 

We lt Rf. 1 Re Oe ae Oe 

We = We =e 1 RE =) Ro = Re =n a, = ag =— O.2 
= vf = = 

Wg = 0.385 Rg iy ay 03365 

The setting values for control signals are Wo; We and Wy in the above table, 


Note: The u signal in this set iS only for step input. 
For other imputs or operated with initial conditions 
not equal to zero the u signal must be produced by 


E & e instead of € & ~e. 
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SECTION III - THIRD ORDER SYSTEMS 
(A) Mathematical Analyses of a Third Order Servo System with Dis- 


continuous damping 


From Fig. 2-6a 


ere K 0.000723 Ne : 
a. = — 2-49 
F S(S+Pi) CS +P ) $($+0.02852)(S-0.)527) Ye a 
Fo N 
FA(S)= (me TT ar icininnca ereee _ ons 
|+ Fo(m?3+hs) Do+ No(ms'+hs) (2-50) 
0.000728 


S$? + 0.181225" +(0.0285 x9,1527) 5+ 0,000728.Gn?S +hS) 
(1) Underdamped case: 


(2-51) 
F.«s)= : 0.000728 
S$? +0.)812 $7 + 0.0235 ¥0-1527S +0.0090728 
For step input ie —1M (t) 
0.000 728 (o52) 





O(5) = 7 
S(S+0-130) (5 +9.00064j0.0635) ($+9.0006-j0.0635 ) 


where all the poles of F,¢S) are found by root locus method in Fig. 2-17. 
¥Y, = —0.0006 + 50.0635 
Yo = -0.09096—-)0-0635 


For @¢ -—=i1K(c) by using inverse Laplace Transformation the equation 


of 6, is 
=0,0006¢€ ; -0-1Bt 
GO. = \- 0.947650 Sin (0.0635 +69.59° } —-0.118 2 (2-53) 
and Se. is 
2 = -0.0006¢ Q. nats 
G,, = C-0005635 2 Sin (0-0635+ +69.59°) 
(2-54) 


= ° ~0.0096€ es om 
0.06175 2 Cos (0.0635t r69.59') 40.02124 g7O!F* 


By differentiation of Ge the equation of eS. is 
~921B8C (2-33) 


* | “Hrs a etn 
9 = 0.039211 6 PO?” Sin (0,0635t +69.59)+0.003932 6 
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$($ 40,02552)($ tAI527 ) 
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000728 


= 0. 
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Here the small terms are neglected. 
After introducing a time factor y= 9 ogt, and substituting in to 


these equations the result is Table 2-3 and Fig. 2-18. 


vehare x — Cc —- GO, = i—- @c . x aes - G6. 2 x — — Oy 
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Table 2-3 Transient response for a Negative 
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2-18 Transient Response for a Negative Uni 
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(B) Overdamped Case: - 


By choosing 3 real roots of De ¢5) at -0.0115, -0.178 and ~0.3539 


the characteristic equation for the overdamped case is 





( D> + 0.5439 D +0.069D +0.000728 ) Gc = 0.0007286; (2-56) 
where p" = a | h = 44,5 | 
t 
m= 15,8 


By Laplace Transformation 


{ s? ~S°FC0) —SFc) ~F-0) +0,5439($'~SF(-0)-F(-0) } 


= 0.00072 

+0,069[ S$ -F(-0) ] +0,000728 ies => 0.909125 (2-57) 
‘ , | 2 po: ~ __ 9.900728 
i.e. fs + 0.54395 +0.069S5 +0.00072%8 ]6, = [aaa 


+ [@(-0)S*- 6,(-295 -Bf-0) ~ 0.543 Bol-4) § - 0.543 6.(-°) 


— 0,0696,(-9)] 
For @.(-0) = 0.5228, 6,(-0) = 9.05368 6-0) = 0,00189 


then 
=. 0.000725 
Oc = 5 (59 +0,5435' 40,0695 + 0,000728) 


2-58 
0.522857 +0.33756§ + 0.0671) (2-58) 


63 + 0.543 §* 40,0695 + 0.000728 | 


By using root locus methods in Fig. 2-19, 


0.00072 8 
S($+0.0115) (5 +0.178)(5+0.3539) 


_ __ 006228 CS +0.32326 + J 0.1548) ($+9.32326 -jo.1548) 
($4+0.0115)($+0.178) (S$ +0.3539 ) 


= 





By inverse Laplace Transformation 


: prt” 
OLE) = 0.000728 [ 0.0115 X0.178X0.3539 7 0.1665 X0.3424X0.0//5 
gr Ot 78e ~ 0.35 39t’ 
i 0.1739 K 01665 XOI7TSI - 0.3539XxX0.1759x 0.3424 
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<eoainoe ee nO toe 
; : 0.2! 
#0,5228 { (0.348) 92 al C 3) 2 - 
0.1665 x0.3424 0.1665%0.175 9 
2 9.3539’ 
(0.16) 9 9.3539 


0.3424x«9.!1739 


Oc(’) = 0.000728 [138.395 - 1525.6 "5", 191,24 GE 
= 46.9175 0779998 7 + 0.5228 [2.124 gON5*! 
Peas ead 935° 757 
= 1.404027 - bilor g "ONSET +0.1396 008 ~ 9.0342 eo 
+ J.'lo2 pei = scene Ce epee %3539t" 
a Be ne 0.138 ge 5SSe" (2-59) 


Here in this ©,(t’) equation +’ starts from T = 1.97 Sec,, or 


t = 21.4 


0.5118 


0.8929 


0.9866 
0.9968 


These calculations show that «!) at the switching time the coefficient 





of the most heavily damped term is cancelled by the initial condition at 


this instant. «) This system has no over shoot. 
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Discussion About Time Domain Analysis of High Order System with Dis- 


continuous Damping 


From these detail calculations by using the Laplace transformation 
the various trajectories versus time can be calculated, and a phase space 
model can be constructed. The initial condition of each derivative signal 
can be clearly defined by plotting a straight line perpendicular to the 
time axis. Also the switching points in space can be found by plotting other 
curves according to the equations of hyperplanes. 

In the die-out part (overdamped) of the trajectory, the effect of vari- 
ous initial conditions can be studied by putting initial conditions into the 
Laplace transform equations. 

In higher order systems the same method can be used. By plotting all the 
derivative signals versus one time axis, it is easier to get a general view 
of the trajectory in higher order space, because a space model cannot be used 
for fourth or higher order systems, On the other hand, there is no different- 
lation problem as that in analog computer study. Therefore, the Laplace trans- 
formation method is a powerful tool for linear discontinuous damping analysis. 
Analog Computer Study for a Third Order Servo System with Discontinuous 


Damping. 


For the system in Section 2.1, after introducing a time scaling equation 


T=0.09t : 
©. +2.02 60 +054 Cot Oc = Oc underdamped (2-60) 
Ce + 6 Gc + oe © + Co >= O¢ overdamped (2-61) 


W—C.ig W=2:0 . ee3.57 


AL = Yn V3 + (QtQIX + R= 7-742X-5-B7 Go-Go (2-62) 
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ad 


By using the following magnitude scaling: 





dp | 
Ao; = A Bo ee A x 4 33.3 — 0.03 
0,667 
o= a5752 0,02 
— = = 0,04 
ae Te _ 
33.7 = O.2C 
mn oO? aa - 
=e = 0.06 


The equations for computer setup are: 








= 6.- S&6.J =-[(wd; -wmd] (2-63) 
> 2 ao ae AG ie ~6, a 
{- SJ= 2 wet -Oc)— 2. QO aes , Oe +004 Fe &, = w3(G ) vv 18e- G20 2- 64) 
7 i of Gy ‘Tae aes ceca 
©. te of 6 o>. | - P We Ge (2-65) 
eee NO 
ox] — P AG, > On tp 7 Ce (2-66) 





Pp dear Se (2-67) 
deo AQ. of By ; 
M = ~[ 7-74 >— A — 5°67 er s 6, J (2-68 ) 


—- -W), ¥ Wis ©, + Wo Go 


The calculated values are in Table 2-4 the diagram of actual setting is in 


Fig. 2-6b, and the various plots are in Fig. 2-20 through Fig. 2-27, 
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Fig. 2-25 Illustrations; (a) 4 Signal stay at zero 
after switching. (b), (c), and (d) various 
signals for a step input (Compater Results). 
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Fig. 2-26 Various Wave Forms for a ramp input 
(Computer Results). 
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Fig. 2-27 Transient Response for Triangular Inputs 
(Computer Results). 
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SECTION %+ - FOURTK ORDER SYSTEMS 
(A; Calibration and Parameter Evaluation. 

The block diagram is in Fig. 2-28. The various results of 
calibrations are im Fig. 2-29 to Fig. 2-32. In Fig. 2-33 and Fig. 2-34 the 
frequency response curve shows that the amplidyne has quadratic poles at 
W)=i6.5,f=o9.7and Fig. 2-35 shows the other pole is at W = 8. In Fig. 
2-36 cu#mplete root loci have been plotted by arbitrarily selecting two 
complex poles near the imaginary axis Pp, == Oi 3544S > P2 = -2.3§ ~)D 

tie locations of the other two poles are decided by the value of the 


gain 23774 at p, and p, , and they are located at -15.15 = j11.89. 
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(B) Root Locus Analysis for the 4th Order Physical System by 

Feeding Back é, and ©, only. 

From Fig, 2-37a, if the zero is too close to the origin, the system 
will have a low frequency oscillation and the response is very slow. 

This is due to the large oN feedback or too small e.. feedback. 

From Fig. 2-37b, if fh is too large and m is too small, then 
one of the zeros will be far from the origin. By the root locations as 
indicated in this figure, the system will have a high frequency oscillation 
due to the small attenuation factor. 

Therefore, the best case is to put the movable zero nearly equal to 
the attenuation factor of the complex poles. 


The general discussion about using low order signals to compensate 


high order systems will be given in Chapter VI. 











| 
| 
| 
| 
| 
(b) 


~ 


Fig. 2-37 Possible Results of Compensation by Feeding 
Back ©. and Gc, 
(a) Zero too close to the origin 
(b) Zero far away from the origin 
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(C) Feed back determination: 
From the relative max. values of 6, E28 é. ina. ee 


. V 
Ox muy, = 5.95 


©, mad, = 3.05" 
©. ma4.= Oar 


Since for sine wave output ©. ray = A = 5.95" The max. values 


0f6.S6, are: 


Coon , = Wa A tls 8 


GC. may. = Ww A 


Then the attenuations of the outo.ut of 6: ke S. are: 


3.96 


Ad. —s5axe 7 9064 


oe ks Ole ¢ 


From the over damped characteristic equation for roots at -3, 


-6, and -11.5 © j33.7, the 6, & ©, feedbacks are: 
LE. 


ch = 4750, 4 = 14105 
pe 23 774,29 x 
KW = 1930) YA = SS) 2 oe as O,O435 
| . 23 774.29 
Then the amplification of ©. & ©. should be: 
AG. = 224193 sg C4] 
©.964 
| oe = 2, 74 5D = G 
A Ye C.09974-2 193.4 
But from the amplifier circuit for (Oc meee) when Vee do 
A oR 
moe1i74. and “Ree = Re, mm 1M, the gain is os - 3 Dit ae 
By 


This amplification of (C¢-€.) is already included in the gains of the open 
loop transfer function. Then the total gain for the feedbeck signals 


when used this same amplifier must be 
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For Réo = 0.5 M, Rt = 23M 
R v5 = 0.05M it 


The values of (\6, and (Q&, are: 
I z ~ | ‘ps 4x 9.5 e Ox: 
V6, ee. = fs 
ee ZOIXVOFZ _ 
Ay, oe mae oa 0.61 
By using hl = 0.4105, W= 0.0435 the root locus of the overdamped 


characteristic equation is plotted in Fig. 2-39, and the tested characters 


are indicated in Fig. 40, 41. 
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(E) Calculations for Control Signal 


By using positive value of roots 


ya+3 
Ya=+ © 
¥3-= +115 +) 33.7 
Yq = eS — 933.7 


U = aly Va % + (Yay + Va¥e4 45 + (Ya+ here) ¥ + 4 = O 


or mS = JS 4+€)(€S$ te 11.5 + $33.7)($+165 —j 33.7 ) 
= iS +6)CS* 423-5 12.67) 


= 5S? £295°+ 13455 +7602 


602% +1345% +293 + 'Y 


(2-69) 
If only x and % are used to produce the control signal then 


J = 76024 +1345 9 = O 


-8,= 4 = = Tee _y (For step input) 


Since the term 4% is near maximum value at the switching time, a cor- 


rection is needed, 


From the computer x-y pictter at switching time 


t= Oc6 rad, 
6,= 6.6 rad/sec, 
G-—= 6o Sevier ee 
6.= 51.2 pad) eee. 
Then a correction of te is 8 = a = ee = 0. 19€E 


This means & has to be 5.66 x (1-0.196) = 4.55. Here the effect of eC: 


can be neglected, 
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(F) Caiculations for Setting the Parameters in the Control Signal 
Amplifier Circuit. 
From the above calculation by using x and GB. to produce the ccntrol 
signal the relation of X to Bo is: 


Oe = A255 A 


or P,' 


tt 


2.220 @, 
In the actual setting Rp iM , Rye: = Rye, = 0.5m, and 
Ose: = Ae. = 0.118, The amplification is: 
= —  Oj1BKI ae : 
Ae: — A®@e —— Tbk) ee — 9.236 
then the amplitude of Ge. has to be 0.22 x 0.236 = 0.052. 


Since the attenuation of ©, (from previous test) is 0.064, and Ly = 8. 


Then the total amplification of this control signal amplifier has to be 


0.0 5.2 
0.064 


Os, = = OO. B13 
age (gue x O:BIZKO} — 9 08; 
For Ry; = IM, Ryg=— 01M, then Aza = : = 0.0513 
The results from the above calculations are indicated in Fig. 2-42. Since 
the system operated at these setting values is not critical, the value of 
OJé, can be used from 0.831 to 0.98. (See Fig. 2-13b for different 


switching time). 





Rgmeim Ag 9.0313 


Roe, = abo fee 0118 


LB 
l= or") REe =075™ Ae;= ello 
= - ie 
— . ee 
Fig. 2-42 The setting Values for Control Signal Amplifier 
~ } 
fi 
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(ILI) Design of R-C Differentiator for Producing ~A and % signals 
Since the R-C differentiator output signal cannot be accurately cal- 
culated, uSing the x-y plotter to find the attenuation and phase shift is 


a practical method, 


By using R =—O5M, C =o.) ut in Fig. 2-43, 
The attenuation of % and x are: 
es , —__ pester ost 
% er 
AY = —! _ 
267 


Then by amplifying y and X as many times according to the attenuation 
or reducing the X signal (that feeds to J amplifier) proportionaily, 
the control signal can be produced without much error. 

A comparison of these two signals to those produced the computer 
amplifier is in Fig. 2-45. 


According to Fig. 2-44, 


= = 0.0774 X +0,.0587K2.67 X +90.0112.67 x 


= Wy A ew S + wy H 





Amplification needed ae = ane > 
Ae = 71.7 
x 
Ave = 66.8 
x 
we 3 Wit a 0225 x 1. 1600229 Ry = ] a11 = 0,029 
We es Wo = 71 x 0.587 = 41.6 Ri> =) ed aso = 0.41 
ww = W = | ~ = = | 
a Wio 66.8 x 0.05 3.34 Rio l 410 0. 334 
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Fig. 2-43 Differentiating Circuit by using R-C 
Differentiator and Amplifier 


% 


.@ 


Due Rio 7 . | 
3 7 
Z Ri2 AL 
‘ee Ria | 


Fig. 2-44 Circuit Diagram of Control Signal Amplifier 
for Feeding back @, & and @ signals. 


124 





Ete ee Se Te 
ace ae i aa EEE aut Serene 


tt a Fe CEE Hae EcHECEEE THe ECE ETESEE Fer 
a He He : = a 
ee NS 


ee aN ip HL FEEECEE a HHH 


SEL HEE Hae 


: oe EEE a i a ae HH EEE i 
: EEE a lia See ECE EEE af eye HEHE une Hey 


eee ate (Oe 


et 
ESE EEE fs aN a HH 
ea a an 
PERE : 
ees ee S| Neil : | 
eee | He Mt ca eg 


aii aise acta Se 











aes ae 


[EEE 


et fail lal oA te 


aPveeeee ciiiet 
bestia 


ae 


FE ey 
i mir ScEECEECEE Eee CEEE 
cree core ae co cooley coh FEE cease 


Po PEE = | eevee ea hss at offs SE ee aaa 


EE ESST aE a ee at Hei 


a 


eae 


HELA 





eh + 
ae 


% 


ae - re 
PETA eee EE cea 
EET SEE Pep EE EEE 


EEE EEE See He pCHEEEEEEE 


SEES AP errr cree meee 


eeEEESEEE EEE soe EEE 
PEER Eee Eee Eee 
EECEEE CECE CE Ae CeCe EEE ce 


| an ee ce 






- a ea eae 
emer tt ttt ry 


a 


NCCC 


TAAL 
a7 : 
EFEPEEE 





es 

oo 

eo Ltt aes eee ee ee 
a enero see |_| TERE am 2) 
Ee ERO a Fa 







Ey 
be] Fig. 2-45b Compare Goto. from 
hI | R-C Differentiator 





Lt ai 





See EEE 
Jeon eee 
z 
ERE 
aes 
Pt 
a 
FEEENE 
: 
i 





(G) Analog Computer Study for Fourth Order System 
(1) Underdamped case: 
Characteristic equation for underdamped case is 


Re a: E ens 
D. (S)= p*6.+ 31D 6. -+ 456.25 DS. +2I7TADGe + 23774.298. (2-70) 


For unit step input with zero initial conditions 


% may. = Oc maz, = Qmax, = 1 
©. max. = 8 
©.max. = 64 


Citiax. x= 512 
Claae = 4100 
By using 
Ry = fle =de, = 0.0333 

AG. = 0.26 
dl G, = 2.1 
xB. = 16.66 
AB. = 543 


DNO©- == se (2377429 HK ~ iol, De. 456.25 ds, DB.-2i 7Bsl§, Do. 


— Who x — We De, — Wz D?*e&. 7 W4 DO. 





=e sof 
be = — ~)* 6. eS ) Meee: = —— 
© p ( ) We Dte,, 3 = De. — Pp (+ pee. ) == We pe. 
ft Sf eee ee — past 
DS. aor D*e.) = Ws Dec ; -8c =Z(D.) = We De, 

where Win = _ On pn for summers 

Fin 
Wy, <= ——Gr_ for integrators 
Roly et 


127 





(IL) Overdamped case: 


From Fig, 2-41 the overdamped characteristic equation is: 


D 


=. (9) = 67 4.31S5° 4/494.25$' + 119385 +23774.29 
C2 


(2-71) 


From Eq. (2-70) we have: 


| | ; in 
Dy,,(S) —Dp(S) =1038 S$" + 9750S = w; D¥6, - MD 





Then adding this feedback D°*@, and D’@, the system will be overdamped. 
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(III) Computer setup and recording results: ---- 

The block diagram for computer setup of this 4th order system is 
in Fig. 2-46. The setting values of each component is in Table 2-8. The 
comparison of using ©@, and @, switching with that by using ©, e, e. 
and Go switching is recorded in Fig. 2-47. The step response character is 
indicated in Fig. 2-48. The effect of switching time is plotted ti Fig. 2-49. 
The changing of the various derivative signals with respect to time-is given 
in Fig. 2-50. And a phase space model can be made by using Fig. 2-51, and 
Fig. 2-52. (A simplified model must be used to reduce the system order to 
three in order to construct the trajectories in the conventional three 


dimension phase space.) 
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Fig. 2-49 The Bffect of Switching Time on a 


Fourth Order Servo System. 















— 3 ' 
STi oe ee VPs meni imimminit | Littell Lites il iliom 
a SFR cE PEEEEEEE CaeGRee CREP eSRaceeeeeecr ttc ERAT HE SEE CE 
aaa ; PERE EEE , eee ay rt ene m ; cr ooo 
ae — en SIC ae ele aieial Ce BEC eae (of cee ie eae Se seer ae 
_ al Pepe eee ee Sia Meee se seme lsat tall ae a eh fa 
oy | sen eee ce | ae cay lt eee ee mime Foca | cen fia iota Bese eta Ps Tio aie a 
| pene ae aL fe tel I le le ea shi afghan toa a inet [e ect antacid aE | rit ae 
a Bees ec cee eee ae seme ee i fe eSe oo cee eee ee eee eee by (od tal Ee 
fos festa alloc ta Earnest ct eof snp il 2 See aeS Se eeeSceee gescnee Pia o fice ia 
FEES EEEEEEEEEEEEEEEE EEE EEE EEE EEE REECE EEE Eee eee ECC 
Hf SEH ns lo tenes tst | | oleae tt i eer eto ti 
BOE Ee ala a i |e elelee i | tals ea ee nan ne 
ele eee eee ages meas amie et olsen Receomic Cmmieie emesis inert to 408 Pi lobe oie 
ll elaine (tor esac el) ISI (mien | Pe eta ic en ft ape Toe oa 
Se ee eee tee eee eee eae ae esse eee eee ae see se eee ees eee ee wok eee 
eae se is ae ole eel lel a ee ee stelsiae |e toler | aun et 
eee eee ase ee oe eee nae s era eae mae Af (ee fe. Poke vp. © ee ol 
I a Fs amg fe ae fn a ee ee ae ale Ans 34 9 Eide elect a 
SE ES Selina slat Bie eee eels aioe riot tell aie 
alee ee ee fe alee neve) “nae ele me Slee loin elle) 1 PoWotale Be Pio tae le ee 
a Wiehe maint inmbittto iobi ia aa oh elmer |) iclalels eae ed kf Pe la Sp OOd ea 
See Te EEE mimes | eee aoa eee eee v et 
eee (ne mee ite ba efi | | PSC) eect lle tL) Lie te we € eee wee 
aaa ee rete ee ee ee eS ee ea ele meee es jes apes ed ted |e | ee oe BGS ee eee! 
eee ele iate ee eben nea sfonde le eae lesa alae a ae ae Sa eeee Toe cease eee ee oe a es SERB SEES 
naa fen fe ag a fren PRE ef fsa aN fA Ved hf a ae Ven Pc) [ca =O wd mt) a 
aan | eae | el aie erate ial | eateries) Tala | ama Pte et 
aaa ia | eae Ret | (sili yiobekc tlt (ah pone (a et ch eee velee lease ae e) ole a 
SER EEE EERE EEE EEO Eh SSE ee eee Pelee i eich oOo ae he ioe 
Peewee eso) Wee lo Cosine emia Vito tod N eb tae ot | lett LI Pir) fa S lee 
inher Somes alee seiel iol semen Wop) lo) ao Neiataieeetei tot bicaiet | 1h bagels ll: | é ef oie 
Pageant (|p | eal eae ae eee ee eee ee a ae eer EEE erat ts ~ tiie ia 
Peon seems lemimmme cit Ieee Le ses IS ca a eee el tol 
Samael) ee oe ee eee eo oe eOINGRIE en Sela Abe ms ELL oe 
ee Ses see ee eek oie el (lee NSIS Seay Seen ene ae os ea 
hl eS Ses oe eee eee CORSE ee Sues Se See eee eee ee: See = olf | ele 
eye Ff ten ge fe pmep | Aa [co CRD Pe I MN fe tesco es Fo Tata | PCLLUPLLILLI 
Mmm oc ane ee ree re ome lei I ii In ied it ek cian —, , ODP TCey | 
ERECT CETTE PT ee te Aan se) kt] pd de pean a ee Et) 
ea emma n e| n | peeeey  es s) e fea) | ee petite bette etl 1 isleiel tole le | ol leat It lteter 
Pea ee cial eras omeei sl ele le lel tle ee eee | lett tee ol ee ie: era 
Pave | oem Eoin aaisol io eli inl dee ele NL Lobe lee ae, Piel Li LLL Pere eae 
eles aoe ee ee eine 1 ie Io ine I Ree Oa a ier 
a |e Il eerie I ee) NII See Ce ae 
Reese Ue cin smn BE ae CE Umea ome) bile le Nee eee eee 
ene nee ie wane smite Poe i ec) ol ig Nee CC LL ee ae 
ceeeeeeaer aon aa alee | tie le eet ele |e Lo Pf 
nal SMG Denne esas esse ois ine eee eae ee Se EE CSS i aaa 
eee ee Coenen ots oS lie ee eee See ee 
eee sc) tel wee eee eee Sse Se eee eee ee eee te ee eee ea aes is slain aaa 
Seen meee a Seen iaVommis aa eet Cpoieteileinh te EE hitilttittta7eeLN tld Ct CLEC LL Ll ane 
aa amnmanmn sone mamas ele mimes | lede  f eeet  N TE a) ete] fee 
meme | lia ase eee eee la eee eee a ace a eee aaa ii ae 
mimes 11 Beeaas See ee lee eee eae ee ae ee ee ee ee eee lo Ih aa 
Bie i aay Vs SANFL a dg eed afm CA) ae 
ieee ioe al ae ce Sel [ cf ee leh abba Wee alt nest [a ca 
Po aia ie pce Re | fafa fend | hh (Df Mes pi eatin ef a a a 
i a | Mleterclol | dab dotedetelcicl (ol tebe [ee ltt dcdcdc 
Pee - BR EERE CEEEE EEE EEE EEE EEE EEE ECEEEEEEEETEEEEEEEH EEE 
: Se 
meee) | ae Bia aia alee aise BEER EEE EE EAE SAE ooo 
(ae a enee seine iniGimialall Oil eee 
PERE Ces SECC EEEEEECEREEEEEEEEEEEEEEEEEEEEEEEEECEEEEEEECEREEE EEE EEE EE EEEEEEEEEEECEEEEE EEE 
Ini a ae Aaseee eee Me Gieiel odie loinldelsinlsool oe | oie aioln lol 
BREE EERE REECE EEE EEE EEEEEEEEEEEEEE EEE EEE EEEEEEEEEEEEEEEEEEEEEEEEEEEEEEEE REECE EEE EE EEEEEEEEHE 
a ae SO} ee HERE me miele ieee SEE Cos 















CRE fe et at ce er se saiaiee PC Omiae caisietisisee eS eee ee ee ee Peere re sare tt 

ETE eee tee Peeepee sdaeedee ede 

ECHR CECE EEE Eee EeEee eee CeeeeeeeeECEEHE EEE CrEEeE Ee rE eee rere 
SCE CECE EE CESS HESS EEE ECEECEE CEE CEE CEE EEE bere eee Cre bere eee rece ceecer rete 
PECEEEEEECECEEE-ECECS- recep ECCS EEE 
SESE EEE CECE FEEEEEEEP ae creer bebe ee eee 
BEE EEEEEEEEEEE EEE EEE HEHEHE IREEEEEEEEEEE EEE EEE EEE CECE EEE 
ia sas gu Nes an | Os NRO A | a A |g ff Tp |p | ada | sheaf | pnp ede fate Ae] Pa Nfs (Pe oh fad 
ee ered se ee a ee ening te =a a SS Tad ae 


ae a oa el elie te ee ee a a ee a 





Peseta) ims aS Se Viele Er ey See ee 
Bae a i eee a We eeepc OV na) ST TT ia aa ee a ph Yt te Lie eee eae 
eye aoe ee eae fee ame eee meme Mme gt fo ep SA) | ee “ee eee ee ee aa) Ch ieee a 
ag ing ee le ae A a eae Ee Sepa 
PSEC See ela 
fate] eee ar | | gee ea tea ee ee te ee SEE ee ae 
ee ee oe ee ee ele lejos al ay ee oe ee et eee | SS aS es 


PEE EERE EE EEE EE EEE REECE CECE EARP RE EEE PEC tot ft tt pt 


an eer ee ee ee eee eisai ae | 
eC Eee ee 


ee (Ole era Ee fe ft ie eI 
i ee a Tc ea eel ea 








had 

2 

a. 

& & 

et @ 

a 
eee no mn eae Gere SPREE eee Se EC ee Eee eee 
Nee eee ee eS Se Ete ee 
zeae ae de bee Pe | cle et a le eee | at) ne eee al a = Py aie Psat ae 
Emma a eo eae ee Cie ee oS eS eee ae ieee ae See ae eae 
a i SS ee se eel ERS 22S ER S00 bo BRS SRR eae Ree eee ee Se ea ea 
Reeee eo sencnenGe eee aia Siemiaine ieee er eRe ae PLP PEPE Leet eS 
es a | ae er ho ee Noemi mires aa eee) ae eee ae 
ee ee ee eae aie ee ee eA eee Oe CO a aie 
Bee Seo mee mice ae ae eee ieee ee oo LLU ee 
ee ee a a ee a es a Te ee al Vay rat Eee) a 
aa GM Se a eee ee ee ee.) ae REERERERESEEAL 
aes (ee a ee eee ee ee Se) tee eo eee 
eee Epa ee ete espe |e ate eee a re So ee ae 

Se ee ee ee eba | peSae  a 


ae aL se cleae  te ea ee eae pa ae eee 


mee eee Sisal ae eae a ote ty esa i aa Py Se alee al a ERRRERABESREAR 
arn) ee ee) Pollet to tol) ae es ae ge pee Sede ee eee ne ft ‘ 


}-—— 4} =|} i-| hf pt td a ee epee) ae) a aaa ie) 
imei t | ee ae ee he eee 
Sagem ee eee eee Vera TE ef pant td fd 

cal pees a |e ea ee ee et 
Reems ieee ee ee eee eee aa ied A 


FEEEEEEEEEEEEE EEE EE REE REESE C/E ee Epo 
Saas BEER EEE EEE 
H- 
ia 





Fig. 2-51 


im 
i 
il 
a 
ie 
a 
| 
|| 
ea 
oe 
|_| 
| 
a 
i 
i 
ea 
hn | 4 
| 
| 
a 
ma 
| 
Ea 
ee 
| 
| 
ee 
a 
a 
a 
ie 
im 
es 
i 
ee 
[2] 
Hel 
El 
fa 
| 
ei 


Pp ttt tt tpt Ata 
a fale fee ele 
es | 
lee 

6 








HEE 
SPU seeaseeceee 
PEEEEEEE EE 


CCECEEEE EE Ee EePeE ECE 


F 

i 

: 
rte 
aie 














| 
eae tt Se ek ae ee epee apa fre Pl ee es ee ee | 
peed i Pee eae ae ene tec peleen ieee ef | ttf ee ee ee 
pa Lt mek - leclsieteeaeled ch Ptt44 fee fe sete) see ee | ea ee elated Seat a a RSM 
Bas aa aie a EEE 
Ela iaiel Meee [eile aac SAE Se aa ete {YE tH =) ea) 
aff} EL Potalsepopes ail) faa aes Ht | ttt Paden win) Aes ttt a a ee el 
sheen | Meee) | See te a eee ia yp Pt pf pe 
sll tt) Me P| tee | Ss Oe ce ea ae ee eae || ee tl eee ee Pale alsa ter ae 
H+} | ta aU LT ap alee eet ay Vs fegl ie Pt ee tt a See 
ay Ve eet Pi i tt pet ee eee ee | eee i elena femora ah ee Se 
CHEE CEE TR SBS ESE EEE EEE SST Tee See cere oa ae ete eee (ee ee 
LG Pg ' a 
Cae SE IESE) sleet Une) Mie atest allele |e te a Ee Cees elsieeteie aalet peel ae REBAR RERERPRRERRESA 
ef Me ee a | ee ee ee ae Rees SERRE LEA eee eS LA | 4 Oe ene hee (dO Ja et | 
pdf pegapelfap ttf ttt tt ttt tt a mi tal = | oleae ee a edb leeds [ene std || eine Wea fit fet meee Dk 
aN aera mee iA aa ys tS EEE 
ale oan) es (le io mimes eliale | eS oa See ee ieee Ee 
topmost (eee) etre Pee ee I es eee 
fet pepe et fy yy Weim cre ete et fe osc ee eae Ed ee ea 
sec ace ee ee eae eee at ae SEE eR Eee eee eee Eee ASRS AREArEaR 
le ec eee ie eae ea aS ee SSS See oe eee a a 
Be Seale ele weet Ft tae | ahha pA a ee a ANPP fh eas Se eee 
poesia ul vient el ee, f ae pe i ee Ope ane Nee cree esd Ss a eos [a ES ee ee ee 
ie eee sae a Bae ft | a | ee fea eran fee Po) fhe [mel ff elf ef elie elec elle a elo ae alee |e peut ieaen ales h ete eep esa cece ay 
ee ccleaner aa eee ee a ee eh Nee Nee 
te | eee ey eae) br he | Fea dae DU a | ec pa es ccf meee eee) oe ee 
iol elmore Lae Mie bt bt ea | 4 eh ie eh a ta eer oleh —- ee ea Neetbe sabe Pl icng us| ed eat ae fee ee sla 
iS 





ae ee ff 








een 
Pt Te 

ttt ttf fT ee epg ahaa efoto Se tt | a Ste eee a ae sles) | AAs |e 
Pama fei fi pL fas Meee a ne eel see (eae enn) at Fees ee eh = es A US a UT esas es 
| a apf PL dag ine ee PO gl ene oe a ee ee a a a 
eve Smet foe aly ee etl eee eae Pa fa Palate alet |e ee oe eS et es ek a 
es es ee Met eee oe ef ee aaa ga are Bedesem Se eS te NU ae a 
ee tik pena as (coed lf | a a a nt ee lea Se SRE eRe 

ee ee a ea et) ee PRG ecl eae eee ee ae eee ae REESE 
Se eee eet) ae es ee ee ee ee ee ae Fee fgets en 
es a ae a | aa | (| ee Ce ee eee ee eae oS eee 
DOE ceVe eee eee eee eee eee ee Be cel Cell ca Sn: 21 NE a aa 
a ese a eed alee, Pt ee mee a eae eee eee Oeil eae ee a) el Vee TE ob st aa Pa SE 
en ee im ese eee Leer a ee ON 7 ee eae 
eee ee eee ae ae eee ene maaan aaa eae ee ee Ne eS eee ae 
eee Peseta ees See ae See ae ee eer cio fee ee eee 
a a ie | | | ee eee I a Ss a er ee ee wey) eS ae 
ae ae a 0 ee | eee ee eee eae a G Goa Pe ee 
eee ae elm wee | ie a ee sie i eee eee et Oy je ae ee 
ie eee a ee ee eee eee) aie ie eee Pe ee ee oes IASI ha ae ed 
Seapine ae em eee ae aia eee eae ee ed AT Te a aaa 
eee eee ee Oi een ee ieee Ee eee ee aL TEE eae aia 
4 ee ena Pe te SE eee 
alte] eet ae ear) ee ee ee eRe Ia 
aha Se ee eee el Sel Sea ee 
i aT = ee es |e ee ee ae ee eee eee eae Pie eee 
Sa nae EES REES (Gee SEEUSEREDEES SUS SuReesuaay eu aeeussseeeesgssueceeesatas SMM Taseccescess eas 
Sea a | te aT ee a aa ds ad Ih LS JE eee 

See ame re eR em | Pi eee ee ee eee a 

0 ee | Me me eee | Pa | ee ee Sa Lee ee 

ean ec | ae a | faa Va te te ea ee BRE eee 
apie EE | EEC Rae eae eee eee eee BERR RRR 
elaine A fob apy tN Be aes eae eee eee eRe et ee 
ee ep) ha Hp ote ie SSS |S Se Ve See Eee 
Ae | aah eae | Seca e! Seas eee PEP 
itt | te a Lan mmm ses ee et BREREESS ES 
ff} tt a ie: Il olniolleollebdot oi dt tt tpi 
FEEEEEECEEEEEEEEEEE EEE PEELE EEE EEE EEE EEE Eee EEE 
BECEE EEE EEE BECEEEEEEEEEEEEEEEEEE EERE EEE EERE EEE EEE EERE EEE 
iia H | meee re Tee ie |) oo tt met Pe eee ree } ‘aaa m 





- an 

















canes Le SERRE hoz eee |e ieee tee fee eee ee ise ae Sis 

yl) ee tt} Pe eae eet ss }-} ft tt tf) fe) SS Sie ieee ee eee ae 

FEE EERE EERE EERE EEE EERE EEE EEE EEE Err Peer 

NS a RT STE | sa ee ale Sele Ht tf a ff ff | cits 

See ie ietets claim cha FERRE eee mimi eee aes ee eae 

te Ee e- ES Ae pe ame | Vs ty tt df ff A HAA Pelee Vda ese | Pe a | 

Se Wiehe eee ae eae eee ee eee see a ti a j= 

te PR asmeteee| oc) line Gaon occ ene nee eo a te tL Ce ae oy te al 

jt L {+t itt ptt tt tt tt tt Sot tt tt tt | +++ yt tt 

SRE bla iS] a Se eee eae ee ei rae ttf tt BERENS 

ere le cee eel eee S| ee eal e ae ae ee a eect eS ee a 
PEEPS ECCS COCR EEE EER eee eee EEE 

ey ae REEL 
fl) eee ey fae | oi ee | eee | ee aia eee eas i 

rave eae ee | eS 1 ee ee el fff op se ee aan ete eee IE eae 

SPN wile) alginic aes eee | oe esse eee ea a 
eee Bree emesis Se ela ie | ae Ce See ie ei Sey Tee 

Ls eee eee See ee eee Le eee Ss alae atecd epee sere et alae teeta te Ph ae eae ah ae ae 
{PE Et 
Sa et eee oe alee ae || ees ped a a Nt ea th ae Sa ae 
a | a et eo pee eed lite. och | ee emai ee ee eile 
ay ey ap) ns ep rethenet eaw neem ole open ef aI Pe IN eae NES oe i Pa eee 
Sei eee ere ty ee eee te Feehan F TP a a a eS pe 
el eee eee eee ee | eer ee i Tee ee tS ee eee poten ahead ee ee ae 
te ee ee ee ba eg ered ay eT a ea | pea es ee ee sees ee 
i ees ee eee | i aT | ast eiysST  ae  Nera  ee ASR aR Sees aeeee 
ie eee Salome | eae ea ee) ee ESS SS eee pee ta eae sl le 
tt tt tf Lt fe PR Oe aa a eee eh a eee A ae ef J Re Le Ee Sra eee | a 
ee emilee a eae el ie ee eee ever ba Pepe HRSA) aa eee ca 
BRE pe a ar a ae ees ee ° PA Set ae 
le eerste tt a ef eee le tiny lt leet) aise Ne ale pty | ae ee 
ee een tamale |] |e, hs ate ea eae ee ING | ee a eae @ ees | ast Sa 
ee ra eae Mere ees ee) eet ee | Se ee eee Ei ae u TS eee | a 
ieee eres ele ee A et fy en ie eee ee ee eee eee ° Peale Ste Ate fees ted called ca 
fest abst ray a esate: Te Beet fet eGo) oles imei a eemlemm be nS See ae See) Set eae aes ages 
meee thd ee es [ot icon (is pees ea eee ted|c tf iee  eeeSa eeI ss bese Ta en 
Ae eee ey ee) Mp | | 1 ea a mea ee | fee eee ae a oo ee Eee 
Pees et Sata ele te |e | ee ease ee eee oa ced de a Se ee tah oo, oe are See 
eee eae ea es eee Se ial aeons ee Leer Eee Pp er eon See see 
i a Ra ee eee ee ee a ee ee ee er ° et ema eon | ei 
eo a pe an ree | |e ee ee | elie er pet pt a et beep ee ae ree 
ToeUeE Tae Sn Sep eee Se ERee ee see ee oo ee ereeeteo aaere Coe eee teres teecdioc | 2 2 eeee eee eeer ees 

ete ¥} : +t a hh 

tpt pe Pf Et ©. las ee eee Se 
fH tt SO eT ae Ee eas | 
PERE EEEEEEEEEEEEEEEEE EEE eee eer 28 Terre 
eee) Se cee eee eee ee ene eee ee a eed Piet) eee eee 
HE ee hE Sia 
Se ee Ne i) | ta eee eo a ee ie eas poe Le 
jt Re eee ee A A Tel 
Pee Bnet eee ia eee goes eee ces eae caer Pe ree na heaepcC ee ESE Rec emenomnnmeac| © Cs emaisasnlallainie els 
ea Pisa ee tan ape dae heaton ef ea ae aa ees Nc 1 afl | ° LA 
eel ee ole fee es nee a ae a bo BESERRRBER SO 2Re 
PERE EEE EEE EECECEECSEEEESSEEEEE EEE reeeeeeeeee Ee gh PO 
EEE HH Lica eae eh Nea edna Sf ea a a ea a oe a tale Lb Ti ia eae 
slater ed Ff tie eS Pt Ma | i de ne ee a a ee dt BERERR BESS CRC 
epee dad ses LV a | hd | dd ele ea ee Le ae 
EEE EEE EHF EEE HEBER EEE EEE EEE EEE EEE AS EEE EEE EEE EEE EE EEE EEE EE EE EEE EEE 
HEP ttf 4 | H+ a me me | loi LLL a eee 

BERR EREPETTCEC YT Is ee ic alli cial EP Pt ttt deel I pod) | sl 
tT Lee eee isis ee See eee ie alt $4 ttt Et ott yt tt mea ie eae 
FREE EEHEE EEE CREEL EERE EE EEEEEEEE EEE ELEC EERE EEE EEE CER EEEEEE EEE EEEEEEREEEREEEEEEEEEEE 
te (| | alee eee eee | mtr ete tlt tt Tr a 7 See Crna a 





(H) The Tested Results of a 4th Order Physical System. 

A picture of the tested 4th order system is in Fig. 2-53. The 
motor-load combination is at the upper left side and the amplifier is 
below the motor-lcad combination. The amplidyne is at the center. The 
control signal circuits are at right side of the picture, they are taken 
off from the analog computer. 

The various signals for step input are plotted in Fig. 2-54, From 
this figure can be seen how noisy the 2, Signal is. The ramp response 
curves are plotted in Fig. 2-55, the output curves of @Q, and Gs indicate 
that the system is at the chattering condition, this will be discussed in 
Chapter V. Fig. 2-56 shows the slow response of the system to @ step input 
due to too small Go feedback, and Fig. 2-57 shows the slow response due to 
too large So feedback, If the feedback of Go iS increased further, 
then oscillation will occur as recorded in Fig. 2-58. The slow response and 
oscillation characters are discussed in (B) of this section and also in 


Chapter VI. 
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(I) Discussions 

(1) Im order to use x and x to produce the control signal in this 
4th order system the roots selected must make the ratio between x and x 4s 
large as possible (x/x large), i.e. to make the projection of the switching 
points in the Hyperplane very nearly in the intersection line between ¥-X plane 
and the Hyperplane. If the x Signal from the R-C differentiator does not 
have too much noise, then using x, x and X to produce the U signal is 
better. 

(2) Once a real system is set up, inherent limitations prevent a fast 
response, and these limitations are mostly due to nonlinearity and satura- 
tion. Since in the instant after switching a very large deceleration occurs, 
the amplifier or amplidyne is very easy to saturate. With the analog computer 
the nonlinearity or saturation can be tested from the output of the U signal, 
if the U signal is zero after switching then there is no nonlinearity, and 
the system will stay in the Hyperplane. 

(3) The phase shift of the R-C differentiator that is being used to 
produce x, x even xX, must be carefully evaluated. The way to do this is to 
compare the wave form for the same sine wave input to the original analog 
computer, or the input wave form applied to this R-C differentiator. 

(4) A high gain amplifier in the main channel is recommended, because 
the attenuation of the R-C differentiator is very large, especially when the 
System response speed is fast, i.e., im the fast response system the R-C 
value must be small in order to keep the phase shift small. 

(5) The first part of the trajectory (the system before switching) can 
be operated at zero damping even a slightly unstable condition, and the 
switching time for each system must be readjusted in order to get the best 
results, because in the physical system some values cannot be checked with 


mathematical solution perfectly. 





REFERENCES 


Transient Analysis of Nonlinearized Single Lag Servomechanisms. 


J. S. Blumenthal and F. J. Beck. Proceedings of the First U. 5S. 
National Congress of Applied Mechanics, June 1951 (ASME). 


The Use of Nonlinear Feedback to Improve the Transient Response of 
a Servomechanism, J. B. Lewis. AIEE Trans., Vol. 71, Pt. II, 1953. 


Quasi-Optimization of Relay Servos by Use of Discontinuous Damping. 
bees MiorrLS, Jr., Co MeDonald, G. J. Thaler. AMEE Drans.;, Pt. II; 
Nov. 1957. 


Quasi-Optimization of Relay Servos by USe of Stored Energy for Braking. 
G. McDonald, G. J. Thaler, AIEE Trans. Pt. II, Jan 1959. 


Investigation of a Nonlinear Control System. I. Flugge-Lotz and C. F. 
Haylor. NACATN 3826, April, 1957. 


Positive Feedback Phase Space Jrajectories and Application to Servo 
systems. L. H. Meiksin. ATEE Trans. Pt. II, Jan., 1959. 


An Investigation of the Switching Criteria for Higher Order Contactor 
Servomechanisms. I. Bogner and L. F. Kazda. AIEE Trans. Pt. IT, 
July, 1954. 


Increasing the Speed of Response of Certain Automatic Control Systems 


by Means of Nonlinear and Computer Devices. G. M. Ostrovskii. 
Automatika i Telemekhanika, 19:208-16, No. 3, March, 1958. 


146 





CHAPTER III - SATURATED INSTRUMENT SERVOS WITH DISCONTINUOUS DAMPING 
Part-I GENERAL DESCRIPTION 
SECTION I - INTRODUCTION 

In the design of servomechanisms it is frequently necessary to uSe very 
high amplifier gains, At the same time there is a practical limit to avail- 
able power supply voltages, as well as a limit to the permissible motor voi- 
tage. The net result is that the amplifier must be designed to saturate for 
relatively small input signals. In the case of instrument servos which posi- 
tion a shaft, amplifier saturation for angular errors of i/4 degree is not 
an unusual situation. In addition, most instrument servo motors have a 
finite top speed, which may well be reached for large disturbances when the 
amplifier saturates easily. Thus two types of saturation frequently occur 
in the same instrument Servo. 

Unless proper damping is supplied, the saturated system is usually 
quite osciilatory. Compensation techniques usually rely on linear theory, 
and the compensated system is often more oscillatory than is desired. This 
chapter studies the problem of tachometer feedback compensation on the phsse 
plane. It ig proven that a fast, deadbeat response is always obtainable 
using continuous tachometer feedback with forward and feedback gains ad- 
justed to utilize the eigenvectors for a critically damped or overdamped 
System. It is also proven that use of discontinuous tachometer feedback per- 


mits a design which approaches optimum relay servo performance. 


SECTION II - EFFECTS OF SATURATION ON THE GEOMETRY OF THE PHASE PLANE 
Fig. 3-l is a block diagram showing the system to be considered in 
this study. The motor transfer function G(s) is restricted to be second 


order in this discussion, though many third order functions are permissible 
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Fig.3-l Block Diagram of an Instrument Servo with Tachometer Feedback 





in practice with little effect on the results. The relay-switch arrangement 
in the tachometer channel permits discontinuous damping. Where continuous 
damping is considered in this paper the switch is assumed closed at ail 
times. 

When there is no tachometer feedback, but the main amplifier saturates 
for a reasonably large error the isoclines on the E vs E phase plane appear 
as in Fig. 3-2a. Note that the phase plane is subdivided into three areas, 
The center area is linear, includes the origin of the coordinate system, and 
has typical radial isoclines. The two outer portions of the phase plane 
have horizontal straight lines for isoclines, as is typical of amplifier 
Saturation. The trajectories shown are for G(s) = a “jee which provides 
an undamped linear system. Note that increasing the amplifier gain decreases 
the width of the linear zone until, in the limit, as the gain approaches in- 
finity the width of the linear zone approaches zero. Otherwise the phase 
portrait remains essentiaily unchanged, i.e., the singular point at the origin 
remains a center, the trajectory for amplifier saturation does not have a 
velocity limit, etc. In the more common practical case the motor transfer 
function is of the form G(s) = A/s(s+a) and the phase portrait appears as 
in Fig. 3-2b. Note that in the region of amplifier saturation there is also 
a velocity limit, and in the linear region the singular point at the origin 
is a focus. The effect of raising the amplifier gain is again to decrease 
the width of the linear zone so that at infinite gain the width of the zone 
becomes zero. There is an additional effect of gain increase: in the linear 
zone the damping decreases as the gain increases, and as the gain approaches 
infinity the focus tends to a center. 

From Fig. 3-2 it is readily seen that a saturated servo operated with 
high gain in the linear zone is necessarily poorly damped and highly oscil- 


latory. To provide acceptable step response damping must be introduced. 
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Mechanical dampers of the viscous and inertial types may be used, but are 
usually undesirable or inadequate when the gain is high. Cascaded phase 

lead compensators are also used, but multiple sections are required to obtain 
improvement in damping ratio, with the result that the final product may be 
appreciably underdamped. Tachometer feedback is also in common use and 


this study is restricted to the case of tachometer feedback. 


SECTION III - EFFECTS OF TACHOMETER FEEDBACK ON THE PHASE PORTRAIT 

If tachometer feedback (inverse) is introduced (switch in Fig. 3-1 
permanently closed) the phase portrait is affected in two ways: the satura- 
tion dividing lines are rotated, and the damping in the iinear zone is in- 
creased, This is true for both of the transfer functions used for Fig. 3-2. 
The rotation of the dividing lines is indicated in Fig. 3-3a, with the 
linear response shown underdamped, Note that the isoclines and trajectories 
in the saturated region are unchanged by the tachometer feedback, and the width 
of the linear zone (which is defined to be the horizontal distance between 
Saturation lines because this is a meaSure of the magnitude of voltage re- 
quired to saturate the amplifier) is not changed. As the tachometer feed- 


back is increased the saturation lines rotate counterclockwise and the damp- 


ing increases until critical damping is attained. For this condition (see 


Part II) the slope of the eigenvectors is E/E = -W, and the slope of the 
Saturation dividing lines is E/ Enews 1/K, This condition is indicated in 


mig. 3-3b forW | = 1.0. As the tachometer feedback is increased two sep- 
arate eigenvectors appear. The "fast eigenvector" rotates clockwise, while 
the “slow eigenvector'' and the saturation lines rotate counterclockwise. 


The slopes of the eigenvectors, in general, are: 
E/E = -Wn (Se Pa) (3-1 
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Fig.3-3a Effect of Tachometer Feedback on the Phase Portrait 


(a) Saturation lines rotated and damping increased in 
linear zone. No change within saturated region. 
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Fig.3-3b Critically Damped Case with G(s) = 1/ a7 and the slope 
of the Linear Zone Less Than That of the Eigenvector. 
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and the slope of the saturation lines is always 

EYE — Ae (3-2) 
The slope of the linear zone is adjustable, as is the slope of the eigen- 
vectors (See Part IT). 

It is important to recognize the effect of the motor-load time con- 
stant. The value of this time constant controls the shape of the phase tra- 
jectory in the saturated region. Fig. 3-4 shows the influence of the time 
constant on the saturated phase trajectories. When the tachometer feedback 
is adjusted to provide critical damping or overdamping, the slope of the 
saturated deceleration trajectory at the limit of the linear zone is an 
important consideration in system adjustment, as will be shown. In general 
the most satisfactory response is obtained when the time constant is small. 

I£ the tachometer feedback gain, K, > is set at some selected value, 
and the main gain is increased, the width of the linear zone is decreased, 
8. ss is increased, and the damping ratio, x , may be either decreased or 
increased depending on the values of other parameters. If G(s) = K/s(s+a) 


where a = L/ns and the tachometer feedback gain is K then 


| nae ne = - Kee 
Wyn SS SSS Se 
n=jK 7 J 2fK a (3-3) 


and it is readily seen that increasing K may either increase or decrease 

J depending on the initial values of a, KR. and K. For any given a, it 

1S always possible to obtain a specified y if both K and KE are adjustable. 
If, for example, ae 1.0 is desired, K is raised to narrow the linear zone, 
and K. is adjusted to maintain ¥ = 1.0. A single eigenvector location 
obtains with slope increased because of the increased gain. In effect the 


eigenvector has been rotated clockwise, and the linear zone has been reduced 
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in width and has also been rotated clockwise. In like manner, t may be 
increased (or decreased) if desired by simply changing the main gain K. 

If Jr1.0 a fast eigenvector appears, rotated clockwise from the original 
position, and « slow eigenvector appears with counterclockwise rotation. 

The linear zone width is reduced but the linear zone is not rotated. Con- 
versely, if the tachometer gain, Re is increased, W is not changed, the 
linear zone width is not changed, but the system is overdamped and the linear 
zone is rotated counterclockwise. In different applications the avialability 
of gain may limit the choice and range of adjustments, 

For a motor with a > O there exists a velocity limit. Also, the shape 
of the phase trajectories when the amplifier is saturated depends on the 
value of a, and is independent of the tachometer feedback. Consider these 
facts in conjunction with the sketch of Fig. 3-3b and of Fig. 3-5a for criti- 
cally damped linear operation. In Fig. 3-3b the trajectories for large in- 
itial steps are able to cross the entire linear zone, but the state point is 
prevented from leaving the linear zone becauSe the direction of the saturated 
deceleration trajectories restricts it to the saturation boundary line. [In 
Fig. 3-5a the eigenvector lies completely in the linear zone, and all tra- 
jectories entering the linear zone become asymptotic to the eigenvector, 
thus none can ever cross the linear zone. 

When the motor-load pole, a, is small, the curvature of the saturated 
deceleration trajectory may aiter conditions somewhat. Consider Fig. 3-5b. 
Since a is small the saturated deceleration trajectories are nearly parabolic, 
and for the large values of E their slope permits the state point to leave 
the linear ‘zone and an overshoot results. 

For the overdamped case the same concepts apply. A larger number of 
possible combinations exists because there are two eigenvectors. In general 
the following statements may be made: When a trajectory enters the linear 
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and if an eigenvector is completely contained in the linear zone; it can 

not leave the linear zone if the slope of the deceleration trajectory at 

all points on the saturation boundary is greater than the slope of the satura- 
tion boundary Line, but it can leave the linear zone if it completely cross- 
es the linear zone and if, at its point of Pee se cee with the saturation 
boundary line, the slope of the saturated deceleration trajectory is less 

than the slope of the saturation boundary line. 

A practical illustration is given in Fig. 3-6. The transfer function 
numbers represent values taken from practical components. Adjustment is for 
critical damping. Note that the eigenvector is the center line of the linear 
zone, thus all trajectories approach the ortgin asymptotic to the eigenvector. 
The response is obviously very fast, and deadbeat, yet the amplifier satur- 
ates for 0.01 radian error. 

SECTION IV - THE USE OF DISCONTINUOUS DAMPING 

Under some conditions the use of continuous tachometer feedback may 
be objectionable, or the range of permissible gain values may not allow satis- 
factory adjustment, or the response time may not be acceptable. Many of the 
desirable features of an optimum relay servo may be obtained by insertion of 
a relay in the tachometer channel as shown in Fig. 3-1. Note that the relay 
is switched by a linear computer using E ¥ A CQ. control, so the switching 
line on the phase plane is a Straight line extending radially from the origin. 
The slope of this line is adjustable and is in no way related to either the 
Slope of the linear zone or of any eigenvector. 

The operation of the system may be explained from Fig. 3-7. The switch 
is initially open and the linear zone is vertical, containing the E-axis as 
Shown. The width of the linear zone is established by the gain setting which 


in turn is determined by some specification. For a large step input the phaee 
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Fig.3-6a A . Numerical Illustration 
(a) Block diagram 
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Fig.3-6b Small signal response 
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trajectory might start at W, reach velocity saturation at X, and proceed 
at constant E from X toward Y. Assume that the tachometer gain has been 
set to some value such that the linear zone is rotated to a second position 
(as shown in Fig. 3-7) when the switch is closed. Then the trajectory from 
X can pass this linear zone location before the switch is operated, and if 
the switching line is adjusted to close the switch at some pcint such as X, 
the system immediately becomes saturated in reverse, and the state point 
transfers to a saturated deceleration trajectory. peel Tye. Me | 

of the saturated amplifier is equivalent to the use of an ideal relay in the 
main transmission path,but requires only an ordinary relay or perhaps a gating 
circuit in the feedback path. If the switching circuit is adjusted so that 


the relay cannot reoperate, the trajectory enters the linear zone 4t and 


Xo 
is confined to the linear zone until it reaches the origin. If the switch is 
adjusted to operate every time the state point corsses ‘the switching Line, 
then it chatters continuously as the state point follows the switching line 
from xy to the point at which the switching line enters the linear zone. [f 
optimum relay servo performance is to be approached, a saturated decelera- 
tion trajectory is extended back from the origin until it intersects the 
velocity saturation line at Y. The switching line is set to pass through Y. 
Then the phase trajectory follows the path WXYZ, entering the linear zone at 
2 near the origin. The operation is clearly dual mode, a linear mode always 
existing near the origin. This is a desirable feature. The valu2 of Neg 
the linear zone may be chosen as desired, the only restriction being that the 
resulting value of K. must locate the linear zone counterclockwise from the 
switching line when the switch is closed. 


The performance of the syStem over a range of step amplitudes is of 


interest. For smaller steps, the switch still operates at the switching line, 
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but this selects a different deceleration trajectory. The maximum spread 
of the trajectories is readily constructed in Fig. 3-7 by establishing a 
second deceleration trajectory which is just tangent to the switching line, 
as shown. All of the deceleration trajectories for all magnitudes of step 
must lie within the bundle defined by the two limiting trajectories. This 
bundle defines the range of performance variation when the relay remains 
closed after switching. 

From Fig. 3-7 it is seen that the action of the system is exactly that 
of the optimum relay Servo until the trajectory bundle enters the linear zone 
near the origin. It is readily seen that for adjustment as in Fig. 3-7 there 
is never any overshoot uniess it occurs in the linear zone; the maximum poss- 
ible error at the point of entering the linear zone is clearly defined, and 
the rise time to within this limit is exactly that of the optimum relay 
servo. 

Note that for the switching adjustment of Fig. 3-7, and a critically 
damped or overdamped linear region, the trajectory never overshoots, but 
approaches zero error asymptotically in the time domain. The maximum error 
upon entering the linear zone is the full width of the bundle of deceleration 
trajectories. If this is objectionable, but some overshoot is permissible, 
this maximum deviation may be halved by slightly increasing the slope of the 
switching line so that the trajectory bundle is translated until the origin 
lies at its center. Alternately, the switching circuit may be designed so 
that the state point follows the switch line from any point at which the 
deceleration trajectory intersects the switch line. This assures a much 
narrower bundle at the linear zone. 

The width of the trajectory bundle may become excessive if the motor 
pole, a, is small and linear switching is used. This is illustrated in 


Fig. 3-8a. On the other hand, when a is large the deceleration trajectory 
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is nearly a straight line and the bundle width may be very small as shown 
in Fig. 3-8b. When a is small and the bundle width obtained using linear 
switching is considered excessive, it may be reduced to any desired width by 
using a switching law governed by a number of straight line segments (or by 
permitting relay chatter). This, of course, means that the switching comput- 
er becomes more complex, since the straight line segments essentially approxi- 
mate the deceleration trajectory. Still, the problem is simpler than that of 
building an optimum relay servo, since a finite bundle width leading into the 
linear zone is desired, ana the number of straight line segments required and 
their slopes may be defined precisely. This is illustrated in Fig. 3-9. 
The saturation velocity and the deceleration trajectory are determined, the 
permissible bundle width is laid off and a second trajectory drawn. Straight 
line segments are then laid of£ within the bundle as indicated. Only two 
segments are needed for the bundle width of Fig. 3-9, and by inspection the 
width could be reduced to a smaller value if the two straight lines are 
properly chosen. For different specifications a larger number of segments 
might be required. 

Fig, 3-10 gives an illustration of the results obtained with discontin- 
uous damping. The analog computer circuit is shown in Fig. 3-10a, and the 


phase trajectories are shown in Fig. 3-10b and Fig. 3-10c. 
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Fig.3-10a Analog Computer study of discontinuously damped system. 


a. Analog computer schematic. 
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SECTION V - COMPARISONS WITH THE OPTIMUM RELAY SERVO 

The saturated servo with continuous or discontinuous tachometer feed- 
back is a dual mode servo, and the linear zone near the origin of the phase 
plane suppresses limit cycles and improves static accuracy. In this sense 
both of the proposed schemes are superior to the optimum relay servo. The 
servo with continuous tachometer feedback requires no switching circuit. 
When discontinuous feedback is used linear switching is normally suitable 
and the switching computer is just an adder circuit. Thus both of these 
schemes are Superior to the optimum relay servo in simplicity of mechanization. 

The optimum relay servo is unquestionably faster, but with proper 
design either dual mode system approaches the response speed of the optimum 
relay servo. Note that in all of the methods acceleration and deceleration 
are obtained by varying the motor voltage. Since the optimum relay servo 
utilizes the maximum available voltage at all times, its speed of response 
is the fastest obtainable with the given motor and given saturated voltage 
level, The servo with discontinuous damping also utilizes maximum available 
voltage at all times except after entering the linear zone near the origin. 
If the trajectory bundle width can be made small enough the remaining error 
in the linear zone may be considered nagligible, in which case the response 
speed of the discontinuously damped system is exactly the same as for the 
optimum relay servo. For the case of continuous tachometer feedback the 
response is always slower than that of the optimum relay servo because the 


decelerating voltage in the linear zone is never the full saturated value. 
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SECTION VI - DESIGN PROCEDURES, CONTINUOUS TACHOMETER FEEDBACK 

The first step in all of the design procedures suggested here is to 
set the main gain to meet performance Specifications. This determines the 
width of the linear zone. 

Next construct the saturated deceleration trajectory and compute the 
maximum velocity. Measure the slope of the deceleration trajectory at the 
maximum velocity point and set K. to give a linear zone with this slope. 

This guarantees that the state point can never cross and emerge from the 
linear zone. Since a, K and K, are specified by these computations, the 
damping in the linear zone is readily evaluated and system performance esti- 
mated. The major consideration is the slope of the linear zone itself. For 
small a the slope may not be great and response may be slow. 

If faster response is required or a larger tf is needed, then both K 
and K. must be altered. The linear zone must be rotated clockwise to make 
the system faster, so K. must be reduced. This may permit the phase trajec- 
tory to cross the linear zone (for large steps) with consequent possibilities 
of overshooting. Changing K changes 7 and the width of the linear zone. 

For ) = 1.0 the eigenvector locations are altered. If the slow eigenvector 
lies entirely in the linear zone for velocities up to saturation velocity 
no overshoot is possible. 

Fastest response, approaching that of the optimum relay servo, is obtain- 
able when the motor-load pole a is large. From equation (3-3) it is seen that 
for KL = 0,f>1 Lf Ae Dat tke Then increasing K. rotates the fast eigen- 
vector clockwise and the linear zone counterclockwise, so X can be selected 
to place the linear zone at any location with respect to the eigenvectors. 

Tt is apparent that for various values of a and various gain require- 
ments suitable response characteristics may not be available. In such cases 


the use of discontinvous tachometer damping may be helpful. 
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SECTION VII - DESIGN PRCCEDURES, DISCONTINUOUS DAMPING 

The main gain, deceleration trajectory, and maximum velocity must be 
evaluated as before. Then draw a straight line from the origin to the 
point of intersection between the optimum deceleration trajectory and the 
saturation velocity line. Next evaluate the bundle width. If the bundle 
width is satisfactory linear switching is used, the slope of the switch- 
ing line is evaluated and the switching computer designed. If the bundle 
width is excessive, it may be reduced by using a switching circuit which 
permits the relay to chatter along the switching line, or by designing a 
computer using several straight line segments. Next choose K. so that the 
Slope of the linear zone is less than that of the switching line, but check 
the damping which this value produces in the linear zone to be sure that 
operation in the linear mode is satisfactory. 
SECTION ViiI - RAMP RESPONSE 

When a ramp input is eecnend the system is designed for continuous 
tachometer feedback, the steady state velocity lag error tends to increase 
with the amount of tachometer feedback. On the phase plane the linear Zone 
is translated so that its center lies at E we WwW and the focal (or nodal) 
point is translated to K = (a + KK) & ./K, where (J, is the magnitude of the 
ramp input. For small values of a the steady state error lies within the 
linear zone, and thus is somewhat greater than KWo. For large values of 
a the nodal point lies outside the linear zone in the saturated zone and is 
therefore a virtual node. The state point therefore comes to rest on the 
boundary of the linear zone such that E__ = KW, + 1/2 linear zone. 

When discontinuous damping is used the switch can be opened as steady 
State 1S approached. This sets RE to zero, and the linear zone returns to 
the origin. The steady state error obtainable is one half the linear zone 


width or less. (The further investigation will be given in Chapter V). 


Li 


SECTION IX - TESTS OF AN EXPERIMENTAL SERVO 

Laboratory tests were made on an instrument servo in which the drive 
element was a D. C. shunt motor coupled to a D, C. tachometer. Both con- 
tinuous and discontinuous damping techniques were used. The results were 
as predicted by the theory. 
SECTION X - CONCLUSIONS 

The step response of second order servos with amplifier saturation has 
been analyzed using phase plane methods, It has been shown that the use of 
tachometer feedback can provide deadbeat response, and that the tachometer 
may be connected permanently in feedback, or may be inserted discontinuously. 
It has been shown that a deadbeat response is assured when tachometer feed- 
back is continuous if the slope of the linear zone is less than the minimum 
slope of the saturated deceleration trajectory, but that deadbeat response 
with shorter rise time is available by assuring certain geometric relation- 
ships between the linear zone and the eigenvectors. 

Use of discontinuous damping permits design of a dual mode servo which 
has very nearly optimum relay servo response. Deviation from optimum re- 
Sponse occurs only within the linear zone of the dual mode, and this devia- 


tion can be minimized by proper design of the switching circuit. 
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FART II - DETATL CALCULATIONS COMPUTER SETUP EQUATIONS 
AND EXPERIMENT RESULTS. 
SECTION TIT - RELATIONSHIPS FOR THE SLOPES CF THE EIGENVECTORS AND THE SLOPE 
OF THE LINEAR ZONE IN THE SECOND ORDER SYSTEM WITH TACHOMETER 
FEEDBACK. 


The characteristic equation may be written as 








ee e . 2 

Be ee Ee Wo E = QO (3-4) 
or, using hardware parameters as in Fig. 3-1 

—E + (a + K KDE + KE = Q (3=5)) 

2? aes 
' ° = f Ss wus ° 
and by comparison kK A) re and a + KK 2 q 2 From which WW) 
= \J K and ca = aot K.K)/2 J K. 
The isocline equation is 
, 2 

ww 6 e oe 4 come 

2 eee fp ew ee” 2 (3-6) 

i dE 2 

E 
from which 
y? 
oy —f{ 
a em 
fw ny 

oince E/E is the slope of the isocline, and for the eigenvector the 


slope of the isocline is identical with the slope of the trajectory, then 


the desired condition is E/E =N. Thus 
ni 4 2 'fpw ete ees (3-8) 
n n 
ee eC eae (3-9) 
i 


For critical damping an = 1.0 and thus 


N = —) (3219) 
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Substituting System parameter values for the critically damped case 


only, it may be noted that 
a+ KK 


N= —W = —/K = =( t) (3-11) 
: Z 
from which it is required that 
: ak , 
yaa | cimaka : (3-12) 
t | 


Digressing momentarily to the slope of the saturation lines, the ampli- 


fier saturates when the magnitude of its voltage is some value 


c 


ore iS Berke (3-13) 


eat. | 
sat t 





which is the equation of a straight line. 


Putting in slope form 





: iy: 
x——— (FF > = 
E K, + e cat | (3-14) 
from which the slope on the E vs E plane is 
B= ~1 (325) 
E K 
t 


From equations (3-11), (3-12) and (3-15) it is readily seen that the slope 
of the saturation lines (which define the linear zone) is seldom the same 
as the slope of the eigenvector for critical damping. There are three 
cases: 

-VK —W on 





1. If a is small, or zero --—— = and the slope of 
the linear zone is one half the slope of the eigenvectors, 


Le VLEsave JK then from equation (3-12), ~— os ~ JK = ~W 
t 


and the eigenvector is parallel to the saturation lines and in the middle of 


the linear zone. 


— -1 K » ke 
a5 If a mo K oe = 2 KR = Kap Ty keene where k>1, 


t 
g, oN 


thus - — Te >K and the slope of the linear zone is greater 
t 


than the slope of the eigenvectors. 





Case 1 is illustrated by Fig. 3-3b. Case 2 is illustrated by Fig. 3-6. 

When 5 Bee l equation (3-9) does not reduce to a convenient form, but 
it is apparent that for many cases the linear zone may be located at any 
desired position with respect to the eigenvectors by proper adjustment of 


K and K.- 


SECTION II - THE METHOD FOR GETTING A PARABOLIC LINEAR ZONE, 

The equation of the parabolic linear zone is > oan = ee O 
Then by passing the tachometer feedback through a squaring tube and adjusting 
the gain, the linear zone can be made a parabola. Some of the squaring tube 
circuits are in the book "Electron-Tube Circuits" by Samuel Seely. 

The result of using a parabolic linear zone in a discontinuous feed- 
back system will be much better than that of using a linear zone with 
Straight line boundaries, especially for the small signal. If straight line 
segments are used to approximate the parabola, then the circuit in Fig. 3-11 


is a practical one. 


SECTION III - DATA AND FIGURES 


A. Saturated system without tachometer feedback 
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LO) j 
(a) G(S) ae: aaa —e so (Fig. 3-2a) 
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re = = For saturated region 
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N+ 0.23 = + For saturated region 
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Fig. 3-11 A Practical Circuit for Producing 
Parabolic Linear Zone. 
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BR. The effect of tachometer feedback on the phase portrait 


(a) = te tke =O (Fig. 3-3a) 
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(b) Critically damped case. coe —= Slope of the 
linear zone is half of the slope of eigenvector. (Fig. 3-3b). 


x 


(c) Slope of linear zone is less than that of the slow eigenvector. 





E+(atkKD E+E =0 
where Ky == [.43 , Q =m 9.02 (vig. 3-5b) 
(d) Slow eigenvector and linear zone parallel. (Fig. 3-5a) 
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(e) Fast eigenvector and linear zone parallel. CFLS aho-12) 
Ay = 0.665, 
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For linear zone, 
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Linear zone has a greater slope than the fast eigenvector 
(Fig. 3-193) 
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Fig. 3-12 Fast Eigenvector and Linear Zone Parallel 
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Fig. 3-13 Linear Zone Has a Greater Slope Than the Fast 
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D. Analog computer study of discontinuously damped systems (Fig. 3-10a) 


G5) = Ky = 0.933 


t 
$($ + 31.62 ) ’ 
Saturating amplifier gain K = 1000 


ev 


Saturated output of amplifier = 12.5 


ole = 20, Ol Oy = AG. ol x = U,O0L 


Ay = 0.1 
O.1E6 
5 eet 0.0158 
oho Te 4 
Relay open at Ga = 1.25", ie. Gq = 0.0125 rad. 


6 wae 


Relay close (drop out) at Ge = 0.4" 
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E, Calibration and parameter evaluation for physical system. 
(a) Error pot calibration in Fig. 3-14 is 6.705volts/rad. 
(b) Tachometer calibration is ies © /rad/sec (By using stop 
watch and counting the number of rotations of output shaft.) 
(c) Saturating amplifier gain Kp = 440. (By comparing the 
output and input voltage of the amplifier in the linear region.) 
(d) Find the approximate natural frequency by operating the 


system without feedback UD elo? rad./. 


(e) From the x - y plot (E vs E) find the slope of linear Zone, 
and find the tachometer feedback. ea = TE , Az = 0.1315 
(f£) Find the motor load gain KT by the relation 
Wr, =K,hm = 247 
Then Ks = 0.56 


(g) From E vs E plot find the saturated velocity W sat, 


K 
eat — -==2,9f  rad./sec. 
Then a = 14.15 
The final result is 


sh ; 2 
= + (A +Kkykm Kr ) E+W, £ 


| 
© 


E + (14.15 +247X0 132) E +247 SS) 
+4665 £+247 =o 
Y, =-6.17S , Y> —- -40.474 
Note: The frequency response method cannot be used here, because the stiction 
of this system is very large, and the superposition theory is not valid. 
By increasing the load inertia, the step response character of this 


2nd order physical system is recorded in Fig. 3-15. 
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CHAPTER IV - ANALYSIS AND DESIGN OF SEMILINEAR AND SATURATED HIGH ORDER 
SYSTEMS 
Part I ~- GENERAL DESCRIPTION 
SUMMARY 
An investigation is made to determine the relative position between 
linear space and eigenspaces in the nth order error space for the purpose 
of making an nth order feedback control system semilinear or with fully 
saturated operation so that fast response is obtained without a complex 
computer and relay device. 
DEFINITIONS 
EIGENPLANE: The plane corresponding to an eigenvector, in third order 
error space it is a two dimensional plane, in nth order 
Space, it is a subspace with order N-l. 
LINEAR PLANARY SPACE: A linear space in 3rd order error space, it is 
a space between two parallel planes formed by the feedback 
Signals. 
AXISAL PLANE: The center plane of the linear planary space. 
SEMILINEAR SYSTEM: For a step input the first part of the trajectory 
in the error space is saturated and the second part is 
linear. 
SATURATED SYSTEM: The trajectory of the system is saturated in both 


rising and die-out part for a step input in error space, 
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SECTION I - INTRODUCTION 

The optimum servo systems obtained by means of nonlinear and switching 
techniques, have received considerable attention in recent years. On the 
other hand for linear systems the switching surface corresponding to a fast 
eigenvector has also been proved to be useful. By using phase space analysis 
techniques it was found that the linear space can be controlled by feedback 
signals and also the slow eigenvector tends to control the system in the lin- 
ear space. A method is introduced to calculate the proper values of feedback 
signals and the main gain of the system, to make the slow eigenvector space 
combine with the linear space, or make the slow eigenspace have larger (more 
negative) slope than the linear space. The former gives a semi-linear system 
in which all the trajectories after coming out from the saturated region will 
always stay in the linear space and go to the origin along the slow eigenspace. 
The latter gives a nearly fully saturated system, the linear space forming the 
Switching action and the slow eigenspace drives the system saturated in the 
opposite direction, then a system has nearly optimum response. For this case 


the system is using full power all the time. 


SECTION II - SEMILINEAR SYSTEMS, 
For a nth order feedback control system as in Fig. 4-1, the characteristic 
equations are 
n n~i WZ 
te Wis <p ee Se nee = 2 (without compensation) (4-1) 
NR . nel _ Awa 
E+(KKitA) £& +#(KinntB) Ex ----KE = O (4-2) 
(with compensating feedbacks all 
to error input) 


The roots of equation (4-2) are %, f2-°7 - - 7 - Yn, then 
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Pia te re KK K,+ A 


Yi ¥>. + Yi Yat - --f; MtERGt?RYy+ --- a K Kar B (4-3) 
Yj == 7 | 
Equation for slow eigenvector (space) is 
n-i n-2 . 
E+(Vtio4----WaJE t--- (GRIM Kh) E -¥--anE =O (4-4) 


Equation for linear space is (just like in 2nd order case decided by K) at 


iz n~2 oe ry) 
KE thE pee ase ee we re ==6 (4-5) 
Re aie | Ricoeur ¢ 
e = tee eT ae RE+ E+ = (4-6) 


If equation (4-4) and (4-6) define the same space then 
| 


Ge eee 
: Ay leetee ne 
(4-7) 
Mo = (1% + Yor ¥en + -- + Tn) K, 
ge ae Fy oar 
For a system given A, B, -----------+------- K, the values of the roots 


can be found by solving equation (4-3) and (4-7), and then substitute the 
value of roots into equation (4-7) to calculate the proper value of each 
coefficient. The thickness of the linear space can be adjusted by the main 
channel gain, because of the slope of the slow eigenspace combined with the 
linear space, the system will always keep linear operation at the final part 
of the trajectory, no matter how much disturbance or how many nonlinearities 
were encountered in the former part of the trajectory. To obtain fast re- 
sponse the former part is always operated at the saturated condition. Then 
it is called a semilinear system. This is just as in the second order case, 


a slow eigenvector is combined with the axis of the linear zone. 
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SECTION ILI - THIRD ORDER EXAMPLE FOR SEMILINEAR SYSTEM, 


Assume the original system characteristic equation is 


zee 


E+6E+6¢ +44 E =O 


The characteristic equation after adding teedback signals is 


Se + (64k 46 E +( 64Ky rAJE +b4 E =0 


— 


From equation (4-3) 


None ua oe Y x, = 64 ka +6 
Nee ote ar Nel 64 Ky oo 
y, Cet ote eee 
ae, are i Renee ay Od 
Since 4 == Vi1e¥, = 64, Kare then from(4-9) and 
ee Se ae 
YY, = 8 =F 
The valuesof the roots are Y= 7 4 a 5 
From equation (4-12) 
k, = > , ere ~- 
The equation of the linear planary space is 
kag + kp E+E =o 
E+ Ge +rdE =o 
The equation of the slow eigenvector is 
ee ee ee Pd 
E+ 62 + SE =o 
In this example 1£ K = 24 then YY, = 2 es tee 4 % = 3, 


Then the eigenplane corresponding to the root with middle value Y is 


(4-8a) 


(4-8b) 


(4-9) 

(4-10) 
(4-11) 
(4-13) 
(4-10) 
(4-14) 


(4-15) 


(4-16) 


(4-17) 


(4-18) 


(4-19) 


(4-20) 


combined with the linear planary space, i.e., the equation of the axisal 


plane of the linear 


planary space is 


eu 


eo eA Gaier “or ee ye 


and the equation of the eigenpliane is 


(4-21) 





a2 


F+eG6&E +$E =O (4-22) 
Again if the gain is K = 12, then Y, == 2 a Coie 

The fast eigenplane combined with the axisal plane, the equation for eigen- 
plane and axisal plane is the same as equation (4-21). 


Sth order example : 


Assume that the open loop transfer function is 





Gis) = ——_—________4___ eae 4-23 
S$ (8 *P,)(5 + P2059 +7215 + Pa) ( ; 
and let _ aad . 
= re oe, = la, Veet ?, = 5. Dyer 
Then the characteristic equation is 
Wo. oe +3958 +rbSE +38 +2166 =O (4-24) 


(without feedback) 
or TE + (KK HSE + CKK2 +BGSDE + (Kha te 32 + (KET t3bE)+ Z2IGE=C (4-25) 
(with feedback) 


Where Ki kz, Ke, Eq, are coefficients of feedback signals. For 


a semilinear system , from Equation (4-7) 


a ee (4-26) 
+) ¥a¥3 14 
(Vv, t¥2 +0, +4 ) K, == Kr (4-27) 
CY, Ye + ¥i¥, & Vs, + Ys EN La + Ye%e K, — Ke (4-28) 
(WG TOG, FOGG + WY Ta ) Ky) = KT (4-29) 
From equation (4-3) 

YY, rVn 4X3 rg + Ve SS KK, + 1005 (207 
CWY2 Vlg + Veg + ---. Vals ) == Kha 139-5 (e231) 
(wvels ATVs + > --  -- tas ) == KKa t 63 (4-32) 
(WG Gk eye) == KKa es ¢ ae) 
MWY3Y4 % == K es 


From equation (4-26), (4-30) and (4-34) 


LD 





Yow V2 «Vy + os pOeS 
Yn «+N Ys we Y, 4 t YY; + T2Vy +T2q —— 39,4 
YT 2  Y, Y, ee as Y2Y; Ya +Y, Y; C4 saa G 34 (4-35) 


YL bq <= BM 
Solving equation (4-35): 4 =16,W=2 4% =3 <8 vee 
Note that all the values of roots except the 5th root are decided by the open 
loop poles, but not affected by the system gain K. Then the gain K only 
changes the thickness of the linear space, but not the slope of it. The 


slope of the linear space is decided by the other four roots. 


The equation of the slow eigenspace is 


“Ee rly at + Ya *+%e dE (Ne ts rh eh ela thy = 


7 CY, ¥2¥: . Yi¥24 ti ty, Ya) fe 4 Vi T+; V4 E ame (4-36) 
e+tot +395 E + 634 +30: = (4-37) 


The coefficients in this equation correspona to those of the origina’ 
underdamped characteristic equation with the order decreased by one. That 

° & “eh o Rrs a 
is the coefficient of E term is equai to the coefficient of E term in the 


underdsmped .haracteristic equation. 


From equation (4-6) 





uve ore 20 ; = ) . ; 
S+BPe +e + e+ qe =o (4-38) 


From equation (4-37), (4-38) 


\ 
bo Ze 
7 er j 
hos lane 
Vs mas re j 
— fs f 
K2 = 10.45% Se 


Then the coefficients of feedback signals are decided, 


r= 
Cc: 
Fe 


Ve = Boe chen 


k = VV. ¥3 Ve Ye — ate 





The characteristic equation of the compensated system is 
et ac (210 +1g.5)E +(2:¢ ViOWS Xo +39.pJE 
ae | a Santis Aas 
tC 21 UBHSK FH +b3 DE *C2iGXb3« gL +36 )i& +2iéF =O 


Nsw y 


ie. ees § ee et = 200 + Aide +26eE =) (4-39) 
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SECTION IV - DISCUSSIONS AND DESIGN CONSIDERATIONS 

(A) The discussion about normal critical case and other cases: From 
Eq. (4-3) in the second term (of the semilinear system) the coefficient of 
feedback signal times K is equal to the nth root of the compensated character- 
istic equation. Such as in Eq. (4-3) and Eq. (4-4). 

K K,= Yn 

and for the third term kK K.= ¥,C ¥, t+ Y2 + ---+ Yne,) 
In a particular case that the real roots are all equal, call this a NORMAL 
CRITICAL CASE. But in other cases when the system has the same equal real 
roots it may not have the same character as that of normal critical case, be- 
cause the linear space plays an important role in this semilinear system. For 
example, in two third order systems the three real roots are the same, 


(rv, == ry =r, == 4) for both these two systems after compensation. The char- 


acteristic equations before compensation are E +8 E i OE + (B= 6 
and is + ae + OF +64E a) , after compensation are: 
E4(h Ky+8) E+(K et IG) E + 64E =o (4-40) 
E+(KKi+3) Er(KKr +10) E+ G4E =0 (4-41) 


Equation (4-40) is a normal critical case, it can never be saturated in the 
opposite direction. It is a linear or semilinear system as sketched in 

Fig. 4-2a, From Eq. (4-41) it is known that the slope of the eigenplane is 
different from the axisal plane. If the gain is high enough to cause satura- 
tion, then the system will be saturated in the opposite direction, because the 
slope of the slow eigenplane (here only one eigenplane) is larger (more nega- 
tive) than the axisal plane. The typical trajectory is sketched in Fig. 4-2b. 


In the other case, if the characteristic equation is 


E+(K Ki +I0)E +(k Kt430) E+64E =0 ey) 





*(euetTd q sa q 
powrojysuei} 9y 103 sgxe azeUtTpI00S ay 2x1ae A fn 91 ayn) 
*"edo[S 1eTTews sey 10}D9AUaeZTqA (5) 
*‘ooeds Aivueytd iesut{, uvya 
edo[s (aA}}e8eu siow) azaaSieq_ sey 10}5eaAuUagztq (q) 
OSBD [BOTIFAS Tewio08N (ze). 
*swajsks peduep ATT eOTI}FAO A0jJ Seyziojsefe1zqy paydsyaysg z-y °3Ty 
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then the difference is not much since no trajectory can pass the slow 


eigenplane in linear region. The trajectory is sketched in Fig. 4-2c. 


(B) Discussion about linear planary space combined with fast eigen- 
vector and the use of switching: 


In the low gain system, the system has a very wide linear space. Then 
the continuous semilinear and saturated systems are not suitable to make the 
system have fast response, because in a semilinear system the slow eigenspace 
is used to control the continuous damped system. The fast response is due 
to the small motor load time constant. In the saturated system the fast 
response is due to the high gain, which dirves the slow eigenspace clockwise, 
then use of the saturated dte-out trajectory provides optimum response. Both 
of these two systems require a narrow linear space, in order to apply full 
voltage. 

But in case the system gain cannot be high, the linear space becomes pre- 
dominant, then to design the system as a linear system seems to be more prac- 
tical, 

Since the linear switching methods have been investigated in Chapter If 
then here it is only necessary to check the equation of fast eigenplane to 
see if it stays in the linear space, 

(C) Discussion for semilinear system and design procedure. 

(1) Semilinear system has the particular character that the main 
amplifier gain can be changed independently, then it can give the desired 
amount of saturation. The design procedure is quite simple. 

(2) Because, for this kind of system the slope of the slow eigen- 
Space is decided by the values of the open loop poles, the response is in- 
dependent of the gain adjustment. The larger the pole values the faster the 


response, because the increase of gain can change the slopes of the eigenspaces 
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but not the slowest one. 

(3) The benefit of this kind of system is that (a) the full 
power is applied in the saturated part of the trajectory; (b) the system 
will never have overshoot no matter what kind or how large the input signal 
is; (c) It is easy to design and adjust. 

(4) Design procedures: 

(a) From the poles of the original open loop transfer func- 
tion write down the equation of both linear space and 
Slow eigenspace. 

(b) Select maximum permissible gain to decide the nth root 
of the compensated characteristic equation. 

(c) From equation (4-6) find all the coefficients of feedback 


signals. 





SECTION V - SATURATED SYSTEM 
When the slope of the slow eigenspace is larger than the slope of 

linear space, then the trajectory will be saturated in the opposite direc- 
tion after passing through the linear space. This can be done by increas- 
ing the main channel pein or/and the gain of the feedback signals. The 
characteristic equation of the compensated system can be written as 

vi ; asi ‘nd = 

E+ (KK +A) E +( by +8) EF + ----+k'E =O (4-43) 
where K’s are larger than the kK’ s in the semilinear system, Assume the 
roots of equation (4-43) are Tees Se Yn, they are all larger 
than the roots of the original semilinear system. Then the equation of the 
slow eigenspace is 


Viet ; 4 A-2 bef. nt : 4 xhn-3 
E+ (W4t---A JE (nr etry + ---MaYaJE + ---the- RETO (4-44) 


é=> 


and the equation of linear space is 


. 7, Nsw , .? -o - 

Re tisk ok he ete, =O (4-45) 
ye =) “n-2 4 a shave i“ 

or ee Pr ee (4-46) 
Ki KE KE 


Since the slope of the linear space is decreased (less negative) as the gain 
of the feedback signal is increased, the slope of this linear space is less 
negative than that of the original semilinear system. Therefore, the slope 
of the slow eigenspace is clearly larger(more negative) than the slope of 
the linear space, and a saturated system is thus defined providing the gain 
is large enough to cause saturation. Since the only condition is to make 
the slope of the slow eigenspace larger than the slope of linear space, then 
the relation between the gain of feedback signals and the values of the real 
roots are not critical. The main points of designing such a system are to 
make sure the form of the die-out trajectory, the maximum input and the proper 
Miove: of linear Space to act as a switching space. 

Since the trajectory in the saturated region is decided by the uncompen- 
sated conditions, then the feedback signal adjustment has no effect upon the 


Uae 





shape of the trajectory in the die-out part in a saturated system, However 
considering the response for small signal input that causes no saturation 

in any part of the trajectory, then a critically damped case is preferable 
provided that the roots are larger than the roots of semilinear case for 


this same system. 
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SECTION VI - INITIAL CONDITION AND FEEDBACK SIGNAL CONSIDERATION 

The slow eigenspace divides the whole error space into two parts, just ; 
as the slow eigenvector divides the phase plane into two parts. On the other 
hand, the linear space also divides the whole error space into two parts, 

The trajectory starts due to any initial conditions and ends tangent to the 
slow eigenspace, For example in a third order system if plane is constructed 
perpendicular to the linear planary space, then the trajectories due to vari- 
ous initial conditions will be like those in Fig. 4-3, 

The intersection of the linear space and slow eigenspace need not be 
in the E vs E plane, because some of the trajectories may start from the 
positive half error space and go to the negative half error space and then 
go to the origin. 

Since there are n-1l derivative feedback signals for an nth order system 
any one of them can cauSe saturation. For so called bang-bang systems using 
feedback signals to make the main amplifier saturate, the design considera- 
tion must include all the feedback signals. These high order feedback signals 
in physical systems are not easy to obtain, or are too noisy to be used as 
control signals, Therefore, if the saturation character of the system can be 
decided (controlled) only by low order signals, this kind of saturated system 
will be more useful. 


For any system if the characteristic equation can be written as 


E+AE +B = - at ae, oe = he = oO (uncompensated) (4-47) 
P +(KK, FAYE +(KKy4 B) Ed — --+KE =0 (compensated) (4-48) 


and from the analysis used before, the semilinear equation can be easily 
written down provided the gain is decided. The condition for any one of these 
feedback signals to cause saturation is that the magnitude of that feedback 


signal has to be larger than the magnitude for the semilinear case. 
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Fig. 4-3 A Sketch of the Trajectories due to 
Various Initial Conditions 
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On the other hand, if the set of real roots selected for the saturated 
system can be arranged to make some of the coefficients the same as the 
semilinear system (overdamped), then the feedback signals corresponding to 
these unchanged coefficients will never be saturated, because for them the 
semilinear condition still holds. 

It is usually desired to eliminate the highest derivative feedback signal. 


For example, in the third order system used before 


E + 6E + 8E + 64E = 0 (uncompensated) (4-49) 
E+ (kk, + 6) E+ (Ick, + 8) E+ 64E = 0 (compensated) (4-50) 

For the linear case Tt, = as r, = 4, r, = § (compensated) 
Here use: | = 3, = 3, ea af ek the compensated char- 


acteristic equation will be: 


E + (7.1 + 6) E + (43.6 + 8) E + 648 = 0 (4-51) 
compare with semilinear case for Y,=2, h=4, yW=S5 
Hooepedeye  CAbn6 ee e 4 64h = 0 (4-52) 


It iS apparent the second derivative signal will never cause saturation in @ 
reverse direction, because the magnitude of feedback signal is even less than 
that in the semilinear case. But the velocity feedback signal is larger than 
that for the semilinear case, therefore, it will cause saturation in the oppo- 
Site direction if this gain is large enough. In this example the second deriva- 
tive is still needed to compensate the system but not as a control signal. The 
response of this system will be better than the original semilinear system, 
because its smallest real root is larger than that in the semilinear case. 

Since the system is operated in a continuous overdamped condition in the linear 


zone, then the trajectory follows the slow eigenplane in error space. 
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If three real roots are used in the compensated case, such as 


eee _ _ 
ee oe = 4 then K, = 0.0230, Ke O7Gco 


Pe | 
the compensated characteristic equation is 


E + (6 + 6)E + (40 + 8)E + 64E = O (4-53) 
Equation of slow eigenplane is E + 12E + 16E = 0 (4-54) 
Equation of axisal plane is E tae Lk = 0 (4-55) 
i.e. E + 6. 67 + 10.668 = 0 (4-56) 

By assuming E = 0 the slope of the slow eigenplane and the slope of 


the axisal plane, (the intersection with E vs E plane) are plotted in Fig. 
4-4, Since the slope of the slow eigenplane is less negative than that of 
the axisa) plane, there iS no reverse saturation at any time. This step of 
the example is to confirm the statement that a critically damped system is 
preferable, Extending the definition of a semilinear system as that whenever 
the last part of the trajectory is linear the system is called a semilinear 
System, because in this example all the trajectories that start at the right 
side of the axisal plane will go to the slow eigenplane, and there is no 
overshoot or saturation in the opposite direction of the linear planary space, 
In other words, whenever the slow eigenspace is at the upper (less negative) 
side of the linear space or combined with the linear space, then the system 
is semilinear. 

Returning to the discussion about saturated systems, usually the gain 
of the main channel of a saturated system is decided first. If the gain is 
very high, then the feedback signals must be large in order to make a criti- 
cally or overdamped system. Since the slope of the linear Space is inversely 
proportional to the magnitude of the feedback signals, but the slope of the 
eigenspace (critically damped) is increased with the gain, the system will 


naturally become a saturated system. 
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Fig. 4-4 Illustration of the Relative Position of 
Slow Eigen Plane and Axisal Plane. 
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In this third order example, if the gain is increased to K = 512, 


for the critically damped case a = ry = = = 8, _ the compensated 
characteristic equation is 
E + (18 + 6)E + (184 + 8)E + 512E = 0 (4-57) 
KK = 18, K = 0.035 
a a 
RK, = 184, KR = 0.359 


Equation of the axisal plane is 





ve ‘as l ; 
E + xX E + K E=0 (4-58) 
= a a 

1.@, E + 10. 22E + 28.5E = 0 

Equation of eigenplane is 
E + 16E + 64E = 0 (4-59) 


In this case the acceleration and the velocity feedbacks both are needed for 
compensating and control. 

There is a case, the compensated system is critically damped, with three 
equal real roots, and the equations of the axisal plane and the eigenplane 
are the same, called normal critical case. If the gain increases, then the 
feedback signals will make the main amplifier saturated in the opposite 
direction. If the coefficients of the uncompsnsated characteristic equation 
are larger than the normal critical case, then the main amplifier gain can 
still be increased without saturation. 

The normal critical case is a special semilinear case. From equation 
(4-40) the normal critical case for the above example is: 

E + (KK, + A)E + (KK, + B)E + KE = 0 (4-60) 


i.e. Be u(eer 16) EseCl2e = G4)b olen =.” (4-61) 
A ~ "64 ? Re Ge 
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The equation of axisal plane is 


F+TE+cE = Erise+64E =0 (4-62) 





The eugqation of eigenplane is 
E +(G+G)EtWRE = E+ 1GE+HE =0 (4-63) 
Therefore, in order to test a system to determine whether feedback signals: 
have caused reverse saturation, a procedure is to set up the normal semi- 
linear equations and compare the corresponding coefficients in the uncompen- 
sated characteristic equation. 

If the system is not critically damped, for example in order to make 
sure the system has no overshoot for maximum magnitude of input, the feed- 
back signals must be increased to turn the slope of the slow eigenplane or 
axisal plane upward (less negative), and there are three unequal real rocts. 
The method for testing this kind of system is indicated in the first example 
in this section, 

The statements above are true for nth order systems. Since the equations 
for the nth order semilinear system have been derived it is easy to extend the 
things determined for third order system to nth order system. In general, 
when some of the coefficients of the uncompensated characteristic equation are 
large, or can be made large (for example by inner loop compensation method), 


then it is possible to reduce the number of feedback or control signals. 
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SECTION VII - NUMERICAL EXAMPLES AND DESIGN PROCEDURE FOR SATURATED SYSTEMS 
Third Order Example: 

By taking the example used for the semilinear system, the original 
characteristic equation is E + 6E + 8E + 64E = 0 (4-64) 


Assume the maximum gain is 1000, the compensated system is critically 


damped, then r, =r,=rfr 10. The characteristic equation after feed- 


1 Z 3 


back compensation is 


tj: 
- 


(1000K, + 6)E + (1000K,, + 8)E + 1000E = 0 (4-65) 


+ 30E + 300E + 1000E = 0 (4-66) 


us 


Where K, = 0.024, a 0.292 


The equation of the axisal plane is KE + KE +E = 0 (4-67) 
i.e. 0.024E + 0.2929E + E = 0 (4-68) 
When E = 0, E = -3.43E (4-69) 


The equation of the slow eigenspace is 

E + (x, + on + r,t = Q (4-704) 
ine. E + 20E + 100E = 0 (4-70b; 
When E = 0, E = -5E 
Therefore the slope of the aes eigenplane is more negative than that of the 
axisal plane. The trajectory of the system will be saturated in the opposite 


direction when the main amplifier output is saturated due to the step input 


signal, 


Fifth Order Example: 
Again by taking the fifth order example used for the semilinear system: 


ferer = 2.0, r 


1 ees 


= 3, r, = 4, c = 7, (for the purpose of making each 


r 
2 3 5 
root in the saturated system larger than the corresponding root in the semi- 


linear system.) Then the system gain will be K = 840. 
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If the gain is not proper, then change the value of the roots proportion- 
ally. 
The characteristic equation of this compensated system is 
i nee Ge NE 4 (Ns 4 1ig+ --- Ye) 


+ (7, 2W3+---+ YZ Ye) E + (VWYRY3Yat -- “BGG )E +V2G%GE=0 (4-71) 


eVtag aute eee 


fe, 6 EE +21E +169E +651E + joopE r840E =9 = (4-72) 
The uncompensated characteristic equation is 
‘E +105'E +395 F+63E +36 E +216E = 0 (4-73) 
The coefficients of feedback signals are: 
k,= 0.0125 
K2= 0.154 
kK,= 9-7 
K;= |. 266 
The equation of linear space is: 
Kk, E sa KE ae Ko a oe a0 (4-74, 
i.e. a 4-42.5 Es 54[- + losE +80E = 9 (4-75) 
The equation of slow eigenspace is 
[ee Pht e+y)E + (Vilar -> - +) 3 
E(YWRYst-~-+hGGEtVRGUE =O (4-76) 


oeve 


Dae. = HiAE + 7! fe (IE Hi26ee = 0 (4-77) 


By comparing the coefficients of the corresponding terms in Eq. (4-75) 
and (4-77) the slope of the slow eigenspace is more negative than the slope 
of the linear space. Then the trajectory will cross the linear space and 
saturate in the So aee direction provided that the gain is high enough to 


cause saturation, 
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In the above two examples, the form of the die-out trajectory and the 
saturation level haven't been discussed. In order to design a saturated 
system without overshoot for maximum magnitude of the input signal the die- 
out trajectory must be found by calculation or by computer. This is not easy 
even for a Third order system, Then the analog computer setup is a preferable 
method for design. The effect of saturation level can also be found. The 
general design procedure using the analog computer can be arranged as foliows:; 

(a) Set up the analog computer according to the uncompensated system 
equation but with adjustable feedback paths, 

(b) Setting the main amplifier gain (saturation level) according to the 
specification. 

(c) Using large amounts of feedback and maximum step input, record phase 
trajectories in every coordinate plane. 

(d) Adjust feedback signals to make the eee igi step input have optimum 
response in the E vs E plane. 

(e) Reduce high order derivative feedback as much as possible but still 
obtain optimum response in E vs E plane. 

(f) From the plots obtained in every coordinate plane find out the 
coordinates of the point in linear space through which the trajec- 
tory passes. 

(g) Connect a line from the origin to this point found in (f£). This 
is the line in linear space through which all the smaller step 
responses pass, 

(h) Record the coefficients of the feedback signals and construct the 
linear space according to the equation in examples. 

(i) Check the roots of the characteristic equation of the compensated 
system to See whether they are larger than those for the semilinear 


system, 
Zu3 





NOTE: 

In the actual physical system only the E vs E optimization curve is 
the important one. Then for problems involving step input the design 
parameters are not critical. In order to make the system have optimum re- 
sponse for various initial conditions, the selected linear space should be 
tested by setting initial conditions in the analog computer and making 
final adjustments. If additional damping is added to the system or the 
original die-out part of the trajectory is nearly a straight line in the 
E vs E plane, then the linear space selected nearly perpendicular to the 
E vs E plane is applicable. This approximation is based on the analysis of 


discontinuous damping in Chapter II. 
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SECTION VIII-COMPARISON AND DISCUSSION ABOUT SEMILINEAR AND SATURATED 
SYSTEMS 

In a semilinear system the equation of slow eigenspace and linear space 
is decided by the characteristic equation of the uncompensated system. In 
other words the equations of slow eigenspace and linear space are combined in- 
to one and decided by the poles of the open loop transfer function. (See 
numerical examples). Then requiring a system with large value of poles to 
have no overshoot for any value of step inputs the semilinear system is the 
proper one to be used. But if the values of poles in the open loop trans- 
fer function are not large, then the combined linear and slow eigenspace 
will make the system have slow response. Therefore, a saturated system will 
be better. Because the linear Space in a Saturated system is decided by the 
optimum die-out trajectory of the maximum value of input signal,this linear 
Space acts aS a Switching device to change the direction of the trajectory 
at a proper point in the error space, This corresponds to a high order bang- 
bang system, but without switching devices. 

In a semilinear system the design procedure is quite simple and the re- 
sult is the direct solution from the equations. In a saturated system, the 
die-out trajectory is decided by the motor-load combination and the optimi- 
zation is only limited to a maximum value of step input. The linear space 
works aS a straight line for switching to approximate the parabola die-out 
trajectory (the ideal switching line) in the second order case, or a plane 
to approximate the concaved plane in third order case, Such approximation is 
acceptable in some applications. On the other hand, the response can be 
improved by using non-linear feedback signals where the gain of the feedback 
Signal is changing with the magnitude as indicated in Chapter II, or by 
uSing damping methods to make the die-out part of the trajectory stay near- 


ly in a linear space as discussed in Chapter V and VI, 
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SECTIONIX - DISCUSSION ABOUT SYSTEMS HAVING COMPLEX POLES IN THE OPEN LOOP 
TRANSFER FUNCTION 

If the system has complex poles in the open loop transfer function the 
saturated trajectory will be more oscillatory. Actually this feedback com- 
pensation method does not require the original system to have good character- 
istics, the problem of feedback compensation is the gain limitation and satura- 
tion. But a semilinear system cannot be obtained in this case according to the 
relations given before. 


When the system has complex poles in the open loop transfer function as 


in Fig. +-5 , where P,= -A+jw,P =—-A-jw then 
Ce eh eR se (4-78) 
SCS ta ya(Std yw) S3+AS* +BS 
the characteristic equation without compensation feedback is 
E+AE +BE+ KE =O (4-79) 
the compensated characteristic equation is 
E +(KKatAJD E + (KK, +B) E + KE =0 (4-80) 
The equation of axisal plane is. 
v@ e me K- ® | 7 | 
ese hte - — =O cor Eee qe 0 (4-81) 
Ke. G 


and the equation of eigenplane is 

E+(4ta)E +%¥nE =0 (4-82) 
From Equation (4-81), (4-82) 

Ka= oe , Kr= (+ a) 
From Equation (4-3) 

A=Vit7r,, B=“ (4-83) 


& x 


Yo 3 


then Y =p , va=Pa. Since it has been assumed that r), 
are real and Py and Pp, are complex, therefore there will be no eigenpiane 


combined with the axisal plane unless the complex open loop poles are con- 


tained in the compensated characteristic equation. 


216 


> 


— _ ff. FS 
<= = - oe 
‘ioc ————— — —=- es 
‘> =a _ 
=D = 
= © 
é e@ 
> << 













Kyn 


S(S +Atjw)(S tA-j) 


Fig. 4-5 Block Diagram of a Third Order System 
with Complex Open Loop Poles. 





Example lL: 


Let = bareece Pee 1 =: ) 2, KK, = K= Le 


Zar 
Th G(s)s ——.-__——- 4-84, 
p a S*+2S5* +55 — 


and the compensated characteristic equation is 
E + (KK, # 2)E + (KK, + 5)E + 27E = 0 (4-85) 
The nearest plane in error space to this complex plane is when i =a le 
that is 
Pe obs SE 20 (4-85) 
Then if an approximate semilinear system is desired choose these two 
real roots in the compensated system. For K = 27 the three real rocts 
will be Choe Js, and r. oo and the characteristic 


equation is 
ER + 1O.4E + 29K + 27E = 0 


(4-87) 
From Equation (4-85) K, = 10. 314 
K = O00 
The equation of the axisal plane is 
#4 2.86E 4 4.21E = 0 (4-88) 
The equation of the slow eigenplane is 
E Per en ee O (4-89): 


In Fig. 4-6, E vs E and E vs E planes indicate these two planes which 
were decided by (4-88), (4-89) and have an intersection on the E vs E plane. 

In the positive E half space and negative E half space the relation be- 
tween the slopes of slow eigenplane and axisal plane is changed, therefore 


the saturating amplifier will have reversed output. 
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Example 2: 
Assume r 


— 5? + 4s° + 8S 


then the compensated characteristic equation is 


E + (kk, + AYE + (kk, + 8)E + KE = 0 


select the slow eigenplane as 


E + 4E + 4E = 0 where ry = r, = 2 


for K = 27 » The third root is ry = 5.75 , then 


K 
a 


Obs 
0.704 


The equation of the axisal plane is 


Ho+°3.3E + 1,42E 2 0 


(4-90) 


(4-91) 


(4-92) 


(4-93) 


(4-94) 


Here the equation of slow eigenplane is made to have the same coefficient 


as the second term of the uncompensated transfer function. 


The relative posi- 


tion between slow eigenplane and axisal plane of both cases are in Fig. 4-6. 
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Discussion: 

a, About low gain system with open loop complex poles: 

From the above analysis and examples the slow eigenplane and axisal 
plane cannot both have the same equation. This is true for any order system. 

For some systems if the complex poles are not near the vertical axis 
in the s plane, a slow eigenplane can be made to stay largely in the 
linear planary space, especially when the gain is low and the thickness 
of the planary space is large. Then a semilinear system is obtained. 

b. About high gain system with open loop complex poles: __ 

For a high gain system, (especially when the original open loop pcsles 
are small) it is not suitable to use a semilinear system, because in that 
case the slow eigenplane must be very far apart from the fast eigenplane. 
The system will become slow in response even if the gain is high. 

If a high gain "saturated" system is used the effect of these open loop 
complex poles are not large, because they can even be neglected if the tern 

Sn AL where KK; is the feedback part and Ai is the 
original part of the coefficient of i term in compensated characteristic 


equation, 





SECTION X - SEMILINEAR AND SATURATED SYSTEM (General Case) 

In the semilinear system the slow eigenspace has the same slope as 
that of the linear space. This is not the general case, also the fully 
Saturated system is also an extreme case, In the usual case these two kinds 
of saturation may exist in one system and the trajectories can be divided 
into three categories as sketched in Fig. 4-7 for a third order case, 

When the main amplifier gain can be increased without causing noise or 
disturbance, then it is best to move the slow eigenspace to have a more nega- 
tive slope, i.e., to give a fast response. 

The most desirable case is to use the critically damped case. As long 
as the coefficients of the original system characteristic equation (without 
damping) are less than the values in the normal critical case, then the slope 
of the critical eigenspace is always more negative than that of the linear 
Space. Then a combined system will be formed naturally. 

But if the maximum die-out trajectory tends to cause overshoot, then 
more feedback must be used to make the slope of the linear space less nega- 
tive (that is to move the slow eigenspace and the linear space both to the 
less negative direction). 

To make the system operate well for all initial conditions the same 
consideration upon the relative position of linear space and slow eigen- 
space must be defined as in a saturated system. Otherwise the system is only 
operating on a line or a curve in the whole space. This can never have good 
response for initial conditions other than the pointson the calculated tra- 
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Fig. 4-7 The Projection of Trajectories onto'a Plane 
Perpendicular to the Axisal Plane and Passing 
Through the Origin. 





CONCLUSION 
The addition of the phaSe space analysis method has shown a gener4élizec 


method for moving the position of the linear space and eigen (vector) spac 


5 


fi 


which yield the solution to the continuous damped semilinear and saturated 
high order systems. For the semilinear system linear operation is obtained in 
the later part of the trajectory, for a saturated system, the linear space is 
used to switch the system to the opposite saturated direction. By proper 
adjustment a system with nearly optimum response can be obtained. This is 
especially true for the system with die-out trajectory having nearly the 
slope of the linear space. This’means the closer the optimum die-out tra- 
jectory to the linear space, the better the result. 

For the saturated system a nonlinear device can also be inserted in the 


feedback channel to make the linear space have a desirable curvature. 
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PART II - DETAIL CALCULATIONS AND COMPUTER RESULTS 
SECTION I - COMPUTER STUDY OF A THIRD ORDER SEMILINEAR SYSTEM 
From Fig. 4-8, Let [2 =2.5 P,=2./ , then the characteristic 
equation with compensation is 
E +( KK, +5.25) £ +(KKr+675) E +KE = 0 (4-95) 


The equation of slow eigenplane and axisal plane is (from Eq. 4-4) 


EE Site ye +(2.5%27) Ee =O (4-96) 
i.e. (= +52 E+ 6.75 —- = 0 ; (4-97) 


For K =27 then Ng = 4 ha = = 0.146, Me— 0:77 


For K =={00 then Ys. 14.8 , Kaz 0. 143, Kr = 0.77 


This proves that the gain of the main amplifier does not effect the location 
of the slow eigenplane for this kind of system, 


Equations for computer setup: 





L%] = (408, - 8S, - SEB - H&S.) 




















AV 
=W, Ge —We Ge — Ws & — Wa Oc (4-98) 
AV. 
cs |= eae = re (4-99) 
(&) ~ vee = p os [TZ] (4-100} 
Ce) = ral see (—8.)] = - We CS. ] (4-191) 
[-&) = p( 58) & =Pwede — 


The circuit diagram of computer setup is in Fig. 4-9, and the numerical set- 


ting values for both K = 27 and K = 100 are in Table 4-1. 
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Fig. 4-8 Block Diagram of Third Order Feedback 
Control System with Saturated Main 
Amplifier. 
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From Fig. 4-10a and Fig. 4-10b the plots of the output voltages from 
the main amplifier indicate that there is no overshoot, this means that the 
main amplifier output voltage does not change its polarity, and full voltage 
is applied to the motor-load combination in the saturated region. 

From Fig. 4-11 a space model can be made. The trajectories after enter- 
ing into the linear planary space always tend to become tangent to the axisal 
plane. This cannot be shown in the E vs E plane, because the recorded curves 
in E vs E plane are the projections of the trajectories in space. 

Fig. 4-12, illustrates the trajectories are not affected very much by 
using a R-C network to replace operational amplifier. 

Fig. 4-13 is the frequency response curves. For small input there is 
no saéturation at all, then the frequency response curve is that of a linear 
system. But when the magnitude of the input signal becomes larger and larger, 
then the saturetion effect causes the frequency response curves to have more 
attenuation than the small signal case, 

Discussion about the effect of saturating level and main amplifier gain’ 

From the Brush recordings in Fig. 4-14 the narrower the linear planary 
Space the more the overshoot of the main amplifier output voltage (due tc 
the imperfect differentiation). Because for a very narrow linear zone the 
trajectory suddenly changes its direction at the edge of the linear zone, 
then the change of the corresponding high order derivatative is quite large. 
The differentiator cannot follow. 

Using a small R-C product in the circuitor in the differentiator ampli- 
fier then the voltage drop will be large, and the noise problem becomes pre- 
dominant. 

When the linear (space) zone becomes large this situation is reduced 


proportionally. Computer results shown in Fig. 4-14. 





The little ripple appears at the output of main amplifier does nor 
cause oscillation in output of ©e or eS. the effect is to cause a sharp 
edge in the Bc signal or higher derivative signal in higher order systems. 

In the x-y plotter recording in Fig. 4-16 and Fig. 4-17, also inaicates 


the effect of main amplifier gain and saturation level. 
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Fig. 4-13 Frequency Response Curves for a Third Order comur near 
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SECTION IL - COMPUTER STUDY FOR THIRD ORDER SEMILINEAR SYSTEM WITH SLOW 
EIGENPLANE WHICH HAS LARGER SLOPE THAN AXISAL PLANE. 

From Section II of Part I of this Chapter, when the slow eigenspace has 
larger slope than the linear space, but the main amplifier gain is not high 
enough to cause the output voltage to be saturated in the reverse direction, 
then this is still a semilinear system. But the trajectory will have over- 
shoot and saturate in the opposite direction if the input step signal is too 
large. The computer results for a third order system will verify this satura- 
tion. 

Choosing the same open loop poles as in the above semilinear system 


P, = 2:5, Po = 2-7 


Equation of compensated (continuously damped) system is 
E +(KK+5.25)E +( KK, +6. 75)F +kKE =O (4-103) 


Equation of axisal plane is 


ge ees ae = 0 (4-104) 


Equation of slow eigenplane is 


c +(t +nmJE +V¥bE = 0 (4-105) 


by using critically damped case = Ya 4.64 


From Equation (4-103) = soo 2 +64.9E +looE =O (4-106) 
Then _ 13.92-5-25 _ 
= = og ——— 0.0867 
: pane 64.83 =r ©:75 eae - O » 
Kr= 7 joo” — 0-458 5 
From Equation (4-104) E+6.71E #1-55E =O (Axisal plane) (4-107) 
From Equation (4-105) E+9.29EF +215E =0 (4-108) 


(slow or combined eigenplane} 


Computer set up: 





Wi, =e == f O 


R,=R, =0,2 Oy a ae Oe 
Ws = 0867 Ry = lo Ry =0.| Az =9,cZl] 
4 = 1[,6) Ra = oo am =a0, 232 
Wi = 2 ey sors r=! Cia 0,2 


Other setting values are same as before, The computer results are in 


Fig.418 and Fig.419. 
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Fig. 4-18 An Illustration to Show the Vs Signal Changes Its’ 
Direction but not Saturated in Reversed Direction. 
(Computer Results, K = 100) 
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Fig. 4-19 Typical Response Curves of a Saturated Third Order System 
with Low Gain. (Computer Result, K = 100, y=6,5" ) 
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SECTION III - THIRD ORDER HIGH GAIN SATURATED SYSTEM. 

For any critically damped system, if the gain is increased to some large 
value, the system will become a saturated system. Because in the character- 
istic equation (continuously feedback compensated) the feedback signal ampli- 
tude is increased, also the slope of the combined eigenvectors tend to be 
more negative than the axisal plane. Finally the original motor-load time 
constant even can be neglected. 


In the previous system use K = 255  , then for the critically damped 


case tT) = vy = ry = 6.35 
PMIOpe Ieee ee 25canG (4-109) 
K 2 0.0539 
a a 
Ke = 0,45 
Computer setting 
Wy = W, 2 S25 RY = Ry = 0,2 ay = a, = 0.511 
Wy = 1.37 Ra = 10 R, = 0,1 a, = 0,139 
Wy, = 23 Ry = 0,2 ay = 0.46 
For Kaeeoll, tyr, = 6, = 8 
E + 246 + 192E + 512E = 0 (4-110) 
K = 0.0366 
a 
Ke = 0.362 
Ws = W, =z 51.1 Ry = R, = 0.1 ay 5. 0.511 
W, = 1.88 . Ra = 10 R, = 0,1 a, = 0.188 
Ws, = 37 Ry, = 0,1 ay = 0,37 


247 





The results of computer solution are shown in Fig. 4-20 to Fig. 4-23. 
Fig. 4-20 shows the typical step response curves of saturated system with 
high main amplifier gain. Fig. 4-21 indicates the effect of saturation 
level. Fig. 4-22 is recorded to make a space model. That the linear 
planary space acts as a switching space can be clearly shown. And Fig. 
4-23 shows the Step response for very small and very large magnitude of 


input signal. 
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Fig. 4-20 Typical Response Curves of Saturated System (with 
Step Input) with High Gain. (Computer Results, 
K= 511, Ys=s50"% ) Critically Damped. ‘ 
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Fig. 4-23 Small and Large Step Responses of a High Gain Saturated 
System. (Computer Result K = 511). 


254 





SECTION IV - SATURATED SYSTEM WITH HIGH GAIN AND SMALL MOTOR LOAD TIME 
CONSTANT 
For the system with K =51tt, P—=P,=1| _. The trajectory has 
an overshoot for large signal input as in Fig. 4-24. After selecting the 
maximum input step as 100”, the system can be adjusted to have optimum re- 


sponse as in Fig. 4-25. 


Note: The saturating amplifier output voltage reverses direction as the error 
nears zero. This is because the linear planary space has an intersection with 
the slow eigenplane in the right half of the error space. And also the velo- 
city has a little overshoot at the end of the trajectory, but the effect 
upon the ©, trajectory is negligible. This kind of situation is preferable 
in some practical systems. 
Computer setting values: 
E+ (kk, + 2)E + (kk, + LE + KE = 0 (4-111) 


K = 511, K, = 0.043, K, = 0.373 


W, nt) ae Re = 10 Ry = |] ae O522 

We = 38,25 Ry = 10 R,, = 0.1 a, = 0.3825 
We = ] C, = 1.04 Re = 0.1 ag = 0.104 
We = | oF = 1,04 Re = 0.1 ag = 0.104 


V : : 
For 100 step input optimum response readjustment 
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Fig. 4-24 Small and Large Step Responses for Critically Damped 
Saturated System. 
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SECTION V - FREQUENCY RESPONSE 

For low frequency sine wave input or high frequency but with small magni- 
tude. Both the semilinear and saturated systems will not be saturated at 
the main amplifier output, because the system can follow the slow frequency 
sine wave input and the small signal will not saturate the system. Then the 
frequency response is just like those of linear systems. (Since all the 
Systems here are using critical or overdamped feedback, then there will be 
no resonance peak in the frequency response curve). 

For high frequency sine wave or large magnitude input the effect of 
saturation makes this kind of system sensitive to both magnitude and frequency. 
The computer results for a third order system (saturated) are shown in Fig. 


4-26 and Fig. 4-27. 
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SECTION VI - COMPUTER STUDY OF FOURTH ORDER SYSTEMS 
From the block diagram in Fig. 4-28, the open loop poles are: 


P, = 2 ai, P, = 2g 5 P, eer: and K = 81 


The compensated characteristic equation is 


eed 


E + (KK, = 7.5) E + (KK, + 18.7)E + (KK, + 15.2)E + KE = 0 
For a semilinear system, the equation of linear space and slow eigenspace is: 
E+ (2.3 + 2.5 + 2.7)E Waco X26 5+ 205 x. 207 4223 x2 E 
+(2.,3x2.5x2.7)E 


E+ 7.5E + 18.7E + 15.52E 
For v, = 5.2] , then 


i.e. 


K, = 0.0644 
K = 0.485 
a 


1,204 


Sf 


The equations for computer setup are; 





(- Vs ) = ([w, Op -W2 @. —W3 Se — 4, Bc — ws & | 
2 ee a 
[-~Q } SS VV Ss a 
P — Wg ( 
eis Wie f_= 
(+ i ea Gs 
{-6) — 5 wW, 2 [+ S| 
(+) = Pwial 6.) 
(-EJ = Pwiel+ &.] 
Where Kol oe te ; 
ae cae Ga — KRGO. .. _ kKakKGc |. —. KKradlée — — — 2:9. 
Wim mas EERE a = AE, as Mat am Mi mem SIE, wm 32 
Say _ &6 27 Ab. AB LE 
Me dae’ “O= Her Wega! Mn = Ser Ma laa! a= gee) MO aE 


The calculated values for each element in the computer setting are in 
Table 4-3, The diagram of analog computer setup is in Fig. 4-29. 
The computer results of this setup have not been taken, the suggested 


further investigations are as follows: 
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(a) 


(b) 


(c) 


(d) 


(e) 
(£) 


The 


Semilinear system with real open loop poles (as the computer set 

up in above pages). 

saturated system with real open loop poles (increase the gain and 
recalculate che feedback signals in the above systen.) 

Semilinear system with complex open loop poles (change the co- 
efficients of the uncompensated characteristic equation). 

Saturated system with complex open loop poles (as in (b)). 
Semilinear and saturated system when Oe signal is not available, 
Switching techniques in discontinuous linear, semilinear or satur- 


ated system for taking out a pair of complex poles. 


investigation for ramp input is given in Chapter V. 
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General Conclusions 

For low gain systems, the linear space is large, the system can be 
regarded as a completely linear system, and the fast eigenplane switching 
method can be used, 

For low or high gain systems with a small motor-load time constant, the 
semilinear design theory is applicable. 

If a high gain system has a large Pa eateiens time constant then the 
design theory of saturated systems can be applied. 

If a high gain system has large complex open loop poles, then the 
approximate semilinear design theory can be used; and if the complex poles 
are small, then the saturated design theory will give a better result. 

Since the maximum ability of a system is decided by the system para- 
meters then the first thing to do is to analyze the given system to deter- 
mine in which of the above classifications it belongs, and then apply the 


proper design procedures, 
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CHAPTER V - RAMP RESPONSE ANALYSIS AND DESIGN OF DISCONTINUOUS SYSTEMS. 
SUMMARY 
An investigation is made to design a type I system to have optimum 
response for both step and ramp inputs. High gain of main amplifier is 
used to reduce the lagging error due to a ramp input, underdamped trajectory 
provides fast response and heavy damped feedback signals are used to make 
the system to be dead beat, or nearly dead beat. Switching circuits make 


the trajectory of ramp response to reach the steady state point and stop there. 


SECTION I - INTRODUCTION AND BASIC THEORY, 

In the design of a type one system, in order to make the steady state 
lagging error small, a system with a high gain ard small motor-load open loop 
pole is preferable. Unfortunately Pack a system will be badly underdamped. 
If the feedback signals are used to make the system meet the transient re- 
sponse requirement, then the steady state lagging error vint be increased. 

In this investigation, by phase plane analysis, for second order systems 
by plotting the I[soclines for both the underdamped and heavily overdamped case, 
there will be one trajectory in the overdamped case just passing through the 
Steady state lagging error point (focal point) of the underdamped case, (for 
a physical system this is the best point one can get), and also there is an 
intersection with the underdamped trajectory. Therefore by using a switching 
computer the heavy damping is only applied in an interval between these two 
points. The system will have optimum response for ramp input. 

In third or higher order systems since the trajectories are affected by 
ramp input only by causing the translation of the coordinate along the error 
axis, a modified switching circuit will make the system have an optimum re- 
Sponse to ramp input. 
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Since the die-out trajectory due to ramp input is not the same form as 
for the step input, then the investigation of the die-out trajectory is 
necessary to design the switching computer. 

In the second order system, the phase plane method is used, and in the 
third order system phase space analysis is used as in Chapter I and II. 
SECTION ITI-PHASE PLANE ANALYSIS FOR SECOND ORDER SYSTEM, (WITH RAMP INPUT) 


From Fig. 5-l the general characteristic equation can be derived as 


Oc + AG a ie =KkrOe (5-1) 
-E +(Q+kKy( Ga-E) =KE (5-2) 


= +(askky)E SKE = (A +k Ky) Op= (ArkKy) We (5-3) 








d Ey 2 
Let N = [on » n= K 
de ona a 
Then = je wi- E (Kr +a Wi-E (5-4) 
Wn KKr +0 ~ |, , KKr+a 
N + aoe N + Wy, 


For underdamped case, assume Wo = | rad./sec., Kr=O; A =2.6, k =64 


a 


Then _~E — 0.0406 -E (equation of straight lines) 
Un N + 0.325 
W¢ Cn = 60,125 


Setting fF: =o and changing the value of NN , then get the following table, 


and the Isocline plot in Fig. 5-2. 
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Fig. 5-1 Block Diagram of a Second Order System 
with Discontinuous Tachometer: Feedback, 
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For 


For overdamped system by choosing K7=0,3, then 

E —. 2.34060-E 

ns 9.726 

The table of Isocline intersections with axis is as follows: 


From Fig. (5-4) 





(355) 





0.0915 0.0506 
The plot is in Fig. 5-2. 

NOTE: Fig. 5-2 can be gotten from Fig. 2-3b in Chapter II by moving the 
origin. It indicates that by using discontinuous damping if the switching 
device can follow the die-out trajectory then the state point can be switch- 
ed to pass any point on the E axis on the left side of the fast eigenvector, 
but the points keep their position in the steady state (ramp) are only the 
two focal points. For example if the state point is following an overdamped 
trajectory and intersecting the E axis at point N in Fig. 5-3, the state 
point will continue to move toward those focal points, because both the tra- 
jectories are going to the right side no matter whether the control switch is 
open or closed. 

If the switching line has an error to the right of the optimum switch- 
ing line or to the left, (this means that the switch operated earlier or 
later than the proper control signal), then a steady state error will be caused. 
As indicated in Fig. 5-4a, the switch operated earlier, the final error is to 
the right of the point LU, this means the lagging error will be larger than 
the underdamped case, but the error is confined to the switch dead zone. 

In Fig. 5-4b, the switch is operated later, then trajectory will spiral 
around the point WU , and the final steady state error is zero. Therefore, 
the best way of finding the switching line is to make its intersection at the 


left of the point (tJ as in Fig. 5-5, and let the point TJ stay in 
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mt. 


Fig. 5-3 Illustration of the Trajectories to the 
left side of the Underdamped steady 


state Point U. 
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Relay dead zone 





cA ) Switched Earlier 


. Relay dead zone 


« 
~—— 


\ 


(8 > Switched later 


. 
Fig. 5-4 The Steady State Error Caused by Switching 
early or late. 
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Fig. 5-5 The best position for Switching for Ramp Input 


s 
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the dead zone of the relay. 
If the width of dead zone of the relay can be neglected, then this 


modification as in Fig. 5-6 is not necessary. 


SECTION III - DISCUSSION AND DESIGN ABOUT SWITCHING COMPUTER. 
Switching lines and the relay dead zone effect: 

I. Unmodified switching line (fast eigenvector for step input) 
A. For same magnitude of ramp input 
CASE I - Focal point is at outside of relay dead zone, 


The trajectory is sketched in Fig. 5-6a. 


CASE II - Focal point at the edge of dead zone. 
Overdamped trajectory passing through focal 


point as in Fig. 5-6b. 


CASE III - Focal point outside the dead zone. 
Relay with wide dead zone. The tra- 


jectory is sketched in Fig. 5-6c. 


CASE IV - Focal point inside the dead zone. 
Slope of switching line too small (less 
negative) or dead zone too wide. The 
trajectory will oscillate as in Fig. 5-6d. 
B. Same switching line and dead zone but different magnitude of ramp 
input. 
CASE I - Small ramp input: Since the lagging erro: 


corresponding to the uncompensated system is 
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Fig. 5-6 Sketch Trajectories for same Magnitude of Ramp 
Input but with Different Relay Dead Zone and Focal 
Point Location. 
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small, then the whole trajectory may stay 

in the dead zone of the relay as sketched 

in Fig. 5-/7a. 

CASE II - Large ramp input: The underdamped stable 

point (focal point) is in the relay dead 

zone, the die-out trajectory may or may 

not hit this point, a little oscillation 

will occur near this point as sketched in 

Fig. 5-7b, but when the ramp input is very 

large, the location of the stable point is 

out side the linear zone, then the die- out 

trajectory will chatter or oscillate as in 

Fig. 5-7c. 

Il. Modified Switching Line No. I. { i.e (CS =o 2 Jet E mae J 
A. Ideal relay: 

In this case the die-out trajectory will pass through the 

focal point and stay there without chattering like that sketched in Fig.5-8a. 
B. Relay with dead zone; 

The die-out trajectory chatters down and a little oscil- 
lation near the focal point will occur. The typical trajectory is sketched 
in Fig. 5-8b. 

C. Wide relay dead zone. 

The switching line (the center line) of the relay must shift 
to the left of the focal point in order to reduce the oscillations near thst 
point, and the chattering situation will become severe as indicated in Fig. 


5-9. 
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Fig. 5>7 Trajectories of Ramp Input Response by 
Using Same Switching Line and Relay. 
(a) Sawall Ramp Input 
e (b) & (c) Large Ramp Input 
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(a) cb» 


Fig. 5-8 Trajectories for Modified Switching 
Line No. 1 


(a) Ideal Relay 
(b) Relay with Dead Zone | 


Fig. 5-9 Trajectory for Modified Switching 


Line No. 1, with wide relay Dead 
Zone. . 
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Design of Switching Computer by Using Modified Switching Line #18: 

From Fig. 5-2, if the switching line is parallel to the fast eigenvector 
as for step input, and if the dead zone of the relay is negligible, then the 
signals for the switching computer is E, E andude. E and E signals form 
the fast eigenvector for step response. Ww; translated the eigenvector in the 
right direction an amount due to the magnitude of the ramp input. The sche- 


matic diagram is in Fig. 5-10, where the relay R, is controlled by the E signal, 


3 
opens the feedback circuit when the die-out trajectory of ramp response reaches 
the steady state point. If the dead zone can be neglected then the relays Ry 
awe 
and Ry can be taken off and the ze 1 
III. Modified Switching line #2, by using the Switching Equation E — a= =0: 





Signal fed into R 


From Fig. 5-2, for the heavily damped case the die-out trajectory for ramp 
input is nearly a straight line parallel to the vertical axis in the phase 
plane. The switching circuit can be designed by using E and W¢ as control 
Signals. But in this case a switching operation is required to take out the 
damping as soon as the state point reaches the underdamped focal point. The 
trajectory is sketched in Fig. 5-11. The relay may operate at point p also; 
but since the direction of the trajectory is nearly the same for both the under 
and overdamped case, therefore, there will be no effect to the system. 


The switching circuit is given in Fig. 5-12. The relay R, is the original 


1 


relay circuit for step input, and the relays Ro» R, are for ramp input. R., 
forms the vertical switching line, and R, opens feedback as the E signal 


goes to zero. 


281 








’ 


Fig. 5-10 Schematic Diagram of Switching Circuit for 
: Using Modified Switching Line #1 
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Fig. 5-11 Trajectories for Illustrating the Operation 
of Modified Switching Line #2. 





Fig. 5-12 Relay Circuit for Using Modified Switching 
Line # 2, 
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SECTION ty - TRANSLATED HYPERPLANE SWITCHING IN LINEAR ERROR SPACE FOR 
"THIRD ORDER AND HIGHER ORDER SYSTEMS WITH RAMP INPUT" 


From second order system, the characteristic equation for ramp input 


is: 
a Tes +kKE = (A+KKr) We (5-6) 
or E+(A+KKr) E +k(E- ae = O 
Compare this equation to the step input case as 
E+(Q+kkKyE+KE= 0 (5-7) 
The only difference is the change of E to fe — ee 
In the third order case, for the ramp input 
Se + (A +kKa) S +(8B +KKr)E -k{E- cm =o (5-8) 
B.+A Be +BOc= K(E —kKT ee Ke &) 
—E -AE + 8(6,-E)=k [ €-*r(6,-E)-KE ) 
Where iS =e : E=-&, E = Gp ~ 0, = wWi- Bc 
Let E = g-—Breaee the equation becomes 
E +(A+kKa) E + (B+ KK E +k E = 0 (5-9) 
This is the form of the standard characteristic equation for step response, 
Then after translating the origin along the E axis by the amount Seni 





all the trajectories within this shifted error space will be the same as 
that in original error space for step response. 

Same as in Chapter II, three hyperplanes can be constructed for the 
overdamped case, But the switching computer is designed to switch so that 
the die-out trajectory chatters down and finally stays near the steady state 
point TJ , because at this point the trajectory inside the switching hyper- 
plane tends to go out, but the trajectory outside tends to go in. The accelera- 


tion signal at this steady state point may not be zero, but the trajectory 
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cannot be far away from the steady state point in the projection on the 

E vs E plane, and the trajectory in this E vs E plane is the indicated 
actual value from the physical system. In other words the higher derivative 
signals are not being visualized as the velocity and error signals. 

For a higher order system the translated hyperplane (space) switching 
theory can also be applied, because the only translation is in the E direc- 
tion. The trajectory will oscillate and terminate at the steady state point 
of ramp input, the higher derivative signals may have considerable oscilla- 
tion after switching occurs, but the projection of the trajectory on to the 
E vs E plane will still be a 2Z form in the dead zone of the relay. 

"Vertical Plane" switching for third Order and high order systems: 

From the phase plane plot of the second order system, the die-out trajec- 
tory due to a ramp input is nearly a straight line. Since the ramp input only 
translates the steady state point along the E axis in error space, then using 
a vertical plane for switching with a relay with moderate dead zone, the tra- 
jectory will be confined to the Steady state point. But another relay must 
be instrumented to stop the trajectory ac the steady state point as in the 
second order case, 

The benefits of this switching method are ; (1) - to eliminate the oscil- 
lation in the relay dead zone and (2) - it is easy to control the switching 
computer (only using E and E signals). But the stopping switch which opera- 
ced at the steady state point may cuase some trouble, because the higher 


order derivative signals are apparently not zero here. 
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SECTION V - GENERAL DISCUSSION 

The step Signal is an extreme case, It is even hard to produce 4 
step signal unless by opening and closing a switch. Whenever a step signal 
passes through a R-C network or amplifier the sharp edge will be changed to 
exponential form. If a system only has the optimum character for step input, 
it will not be a good system in actual applications. But if the system can 
have optimum character for both step and ramp input, then such a system will 
give fast and accurate response both in theory and in practice. 

The approximation of signals by using steps and ramps are iliustrated in 
Fig. 5-13. The more segments used the better the result, and of course the 
best case is to use an infinite number of segments, then a continuous automatic 
adjustment in the control circuit will give best results. 

The phase plane analysis of the second order system, with modified con- 
trol computer for discontinuous damping, indicated that such a system can be 
optimized for step and ramp inputs at the same time, no matter how the input 
Signal may change during the transient period, the computer will always throw 
in the damping feedback signal according to the optimized condition. In other 
words, the switching line is self adaptive to the input signal. 

Note that the particular character of this switching computer is to use 
the feedback damping to optimize the system but does not introduce an addi- 
tional lagging error for the ramp input as the usual continuous feedback compen- 
Sated system does. 

In this ramp reSponse analysis the input signal analyzer supplies only 
the derivative signai of the input to the control computer. A type one 
System cannot be expected to follow an input signal with higher derivatives. 
But the idea of "Translated error space'"’ can give a clear view about how the 


trajectory changes in the phase space due to input signals other than a step 
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Fig. 5-13 Step and Ramp Approximation to a Complex 
pps Signal : 





input. Whether the same approach can be used to analyze type two or type 
three systems is an important thing to be investigated, In order tc make 

the control computer provide the system with optimum response for all kinds 
of input, then the character of the input signal analyzer is an essential 4 
factor. In Chapter [ the description and definition of phase space indicated 
that the futures of the variable in phase space, as the time increases are 
decided by both the initial conditions and the forcing function. This means 
the forcing function and initial conditions are both equally important. This 
study has used the error space for step input (we may call this a stationary 
error space). It is helpful to consider the forcing function as only a change 
in the coordinates of this stationary error space, This may be called a mov- 
ing or translating error space, because the axes used are still the error 


signal and its time derivatives. 


SECTION VI - ANALOG COMPUTER STUDY FOR SECOND ORDER DISCONTINUOUS SYSTEM 
WITH RAMP INPUT. 

The second order discontinuous system used in Chapter II with h = 0.3 
is used here. The equations for computer setup are the same, except that the 
control signals are E E and W; . “he circuit of the computer setup is 
given in Fig. 5-14, and the setting values are in Table 5-1. The ramp re- 
Sponse curves for different magnitudes of input signals by using an unmodi- 
fied switching line are recorded in Fig. 5-15A. The die-out trajectories are 
nearly vertical lines and there are oscillations around the underdamped focal 
points. All these agree with the analysis given before, The next thing to 
do is to use various modified switching lines to check the results of the 
phase plane analysis given before, One recording as an example is given in 
Fig. 5-15b, where the translated eigenvector is used as the switching Line, 


the drop out lines of the relay are shifted in the positive error direction 
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Fig. 5-14 Computer Setup-for Discontinuous Second Order 
Saturated System with Ramp Input. 
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according to the magnitudes of cramp inputs the ogcillarions near the under- 
damped focal points are reduced, but sfmce a wide relay dead zone 13 used here, 
therefore tnere is no chattering but there are some velocity overshoore ag 
indicated im the figure, The various compurer results uSing narrower relay 


dead zone and different switching lines are recorded im Fig. S-iSc to Fig. 


SECTION VII- RAMP RESPONSE ANALYSIS FOR SECOND ORDER SATURATED SYSTEMS. 

In the recently developed theory of relay servoge or bang-bang systems 
usually the designer considers 4 saturated system with high gain in the main 
amplifier as belonging to the relay servo type. Actually this is one case of 
a discontinuous system, When the main amplifier is saturated, the feedback 
damping loses its effect. When the trajectories come out from the saturated 
region the damping effect recurns and makes the damped trajectories have 
better character. Also the feedback damping signals act as switching signals 
at the same time, 

As indicated in Chapter ITI and IV. because of the saturation effect 
of the main amplifier, the system working in the linear region if always 
under the critical or overdamped oundiediene: It however, belongs ta che class 
of fully saturated systems or semilinear systems, Since the smail step input 
is to be neglected in the original assumption ef the conventional analysis, 
then the system is the same as a relay servo-system, But ome thing that 
canmnet be meglected is the response character of the ramp input. Tachometer 
feedback in over damped systems will cause the lagging errox due to the 
ramp imput to be increased, swen if the Specification of the system has no 
limitation on the ramp responee <haracter, but tne trajectory of the system 


due to a ramp input works in a linear mode or linear and saturated combined 
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Fig. 5-15 ¢ 






















































































Ramp Response Plots by Using Switching 


Lines with Different Slopes 












(1) Translated Eigéenvector Switching 
(2); €3) & (4) Switching Lines with 


Various Slopes. 
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mode, it is apparent that the theory of a relay servo cannot apply to this 
situation very well. This statement is classified in the later analyses. 

From Chapter III the effect of tachometer feedback is to change the 
slope of the linear zone. In this chapter phase plane analysis is used to 
indicate the effect of tachometer feedback also. The lagging error and the 
method for reducing it wiil be discussed based on the theory of discontinuous 
Systems. The general block diagram is in Fig. 5-16. 

The general characteristic equation for linear second order systems with 


ramp input as used before is: 





E+ (Q+KK)E + KE == (A+kKr)We (si) 
The isocline equation is: . 
a E 
EE fone panes Ed where N= : fi (5-12) 
The lagging error is: et 
W¢ : | 
E ce) | == ara +> KW (5913) 
+=2 


The general equation for saturated second order systems with ramp input 


2 


is Bc + 08 — Vs 


Since Boe Cc =: CR — Ss = Wi-E 
Then EP +QE = Vs +Qwe (5-14) 
The equation of isoclines is; 


ef AWe Ss (5-15) 
Te = > tae aT on X 
a Wn (N+ a5) 
For linear operation the open loop transfer function is 


—— ce (5-16) 
fo(9) == —“SEa Cas RTS 
4 ; 2 : 1° 
E(S) xe SOAK) S Ler kh T WE oi 5, 


S*+(A+KMe)SHK OC [oh 4(A+ kK) SOK] S* 
The lagging error is 


SD) ee Ee ° isaac Awe 5 = \ 
eG | = Lim, SECS) == SRE + Kur (5-183 


ooo 
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Computer 


CwWe¥ Yo 


Fig. 5-16 General Block Diagram of Second Order 
| Saturated System with Discontinuous 
Tachometer Feedback. 
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The slope of the linear zone is decided by the equation E — Kr8,=0 


ie E-kr(@,-E)=0 
a E+Kry E -kpw=0 (5-19) 
when = =O then — = Kruy; 


because the gain of such a system is usuaily very high, the lagging error 

fe ¢s) | ake stays in the linear zone or near the center line of the 
linear zone (for a system with large and small K this is not true). 

By assuming numerical values for the equations given above (K = 1000, 
aw 2.6, ve = 10, KR. = 0.0604, . = O.1, 0.236, and 1) the phase plane plot 
is as in Fig. 5-17, 18, 19. All of them are purely linear trajectories. 

The lagging error is about six percent. The reason for linear operation is 
due to the tachometer feedback which turns the linear zone from the vertical 
to the positions indicated in each figure. 

For a larger ramp input the main amplifier will be saturated, the general 
shape of the trajectory is as in Fig. 5-20. The isocline equation in the 
saturated region is different for every magnitude of ramp input even if the 
output of the saturated amplifier is kept constant. If the system has a large 
value of a and small value of Ve , then the saturated trajectory can not 
curve back as in Fig. 5-20. The response of the system for a ramp input will 
be very slow. But when the value of 4 is small, and Ve is large, then the 
System in the saturated region is underdamped, the trajectories in the saturat- 
ed region tend to come into the linear zone rather than leaving it. From 
equation (5-15) the gain of the main amplifier still has effect upon the 
saturated ramp response trajectory, but not like that in Chapter III where 
the saturated trajectory for a step input is independent to the magnitude of 


input and the main amplifier gain. 
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Since the underdamped trajectory for positive ramp input will turn 
back to the negative E axis, then it is possible to operate the system wita 
no feedback at the first part of the trajectory, the trajectory will be 
saturated and spiral around the origin of the phase plane, and by switching in 
the feedback at a proper instant the die-out trajectory will pass through the 
Stable point of the underdamped condition, and no additional lagging error 
will be caused by the large tachometer feedback, provided that the feedback 
Signal can be switched off at that point. 

By assuming We= 2.28, V, = 25, the other values as before, then the 
various trajectories are plotted in Fig. 5-21. Im this case the lagging 
error is 0.14 rad. for a Saturated system with no switching action. But by 
using discontinuous feedback the lagging error can be reduced to 0.00594 
radian. Since the die-ouwt trajectory is not a vertical line, then the trans- 
lated eigenvector switching method will give better results. (Here only one 
eigenvector, because the system is under critically damped conditions), FEefore 
the feedback signal is switched in, the trajectory is moving in the downward 
direction; after the switch closes, the trajectory tends to go upward, then 
the switching line is operated in a converged region. It may have some chat- 
tering but the trajectory will stay in the dead zone of the relay. go to the 
underdamped stabie point and stop there, because the overdamped trajectory will 
make the relay open, and the underdamped trajectory will make the state point 
stop there, 

The analog computer study for a critically damped saturated system with 
K = 1000, a = 2.6 is given in Fig. 5-22, the setting values are in Table »-2Z, 
The recorded plots are in Fig. 5-23, they are checked with the phase piane 


plots. 
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Fig. 5-23 Ramp Response of Saturated Second Order System. 
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SECTION VIII - DISCUSSION ABOUT RAMP RESPONSE FOR SEMILINEAR AND SATURATED 
HIGH ORDER SYSTEMS EY USING THE PHASE SPACE CONCEPT, 

By using the theoretical background from the previous Chapters and th¢ 
ramp response analysis for the linear systems, it is possible to predict now 
the trajectory of a third order semilinear or saturated system traverses 
the error space, 

From the starting point and the final lagging error on the E axis the 
axisal plane is moved in to the | and | quadrant and the intersections 
with positive E and F axes are decided by the magnitude of the ramp 
input and the final lagging error corresponding to the overdamped case. The 
trajectory for the underdamped case will spiral in the space according to the 
sequence of the quadrant L. 4° foe a. 2° i. fee (See Fig. 1-/). The trajec- 
tory corresponding to the overdamped case will only move in quadrant 1. 

(All these discussions are based upon 4 positive input ramp signal). The 
overdamped trajectory and the final part of the underdamped trajectory are 
nearly in planes, the intersection of these planes (the intersection with che 
E vs E plane) are far from the E axis or near the E axis as determined by the 
overdamped characters respectively. For a small ramp input there will be no 
Saturation both in semilinear and saturated systems. 

In semilimear systems, because the coefficients in the characteristic 
equation are large (See Chapter IV) then the saturated trajectory is usually 
in the overdamped Foti. In this case ic may not be possible to uss a dis- 
continuous switching method, because the trajectory will never turn back te 
the E vs E plane. But this is mot always true, especially when the amplifier 
gain is high and the saturated output of the amplifier is large. 

On the other hand, in saturated systems, because the coefficients in rhe 


characteristic equation are small, it is very easy to have an underdamped 
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character after the application of a ramp input large enough to cause satura- 
tion. Then the translated hyperplane switching is applicable. The converged 
character will be the same as in second order saturated systems or third 
order linear systems with ramp input. 

For higher order systems, a clear view is not available using the 
phase plane or phase space method, but one thing is in common for all cases 
"for a system under saturated (with no feedback) condition if it is under- 
damped, then the translated hypersurface switching method can be applied to 
eliminate the additional lagging error caused by a ramp input. 

Suggested for further investigations: 

1. Translated error space theory applied to higher type systems. 


2, Computer study using various modified switching methods. 
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CHAPTER VI - ANALYSIS AND DESIGN USING DAMPING TECHNIQUES FOR VARIOUS 
DISCONTINUOUS SYSTEMS 
GENERAL DESCRIPTION 

In the previous chapters, the general assumption made for the dis- 
continuous system is that the character of the system can be changed from 
underdamped to overdamped by a simple action (Relay, computer, or other de- 
vice). The general theory about how to change the damping condition at 4 
proper instant according to various input signals has been discussed, the 
design problems and some of the methods of approximation have been present- 
ed, But the general analysis and design showing how to produce these under- 
damped and overdamped characters haven’t been given. Since the characters 
of each kind of system is different from another, in some cases it is not 
possible to design a system that has these two kinds of characters, then 
the theory of discontinuous system is not applicable to all the control 
systems unless they meet the general assumptions as mentioned before, 

In this chapter, the theory and the design problems about producing 
underdamped and overdamped characters for the various control systems will 
be discussed extensively. The root locus method and the frequency response 
method both will be used to determine the damping conditions of the system. 
The general approach is based on the approximation theory, there is no com- 
plex computer, and even the essential compensating signals may not be avail- 
able. Since the modification of the basic theory of switching is different. 
then a specific discussion about the design of computers will be given when- 
ever necessary. 

For convenience the general block diagram for discontinuous systems in 
Chapter I is redrawn here in Fig. 6-1. 


The analysis may concentrate on one of the blocks, or consider a couple 
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of them at the same time. The usual possible ways to produce discontinu- 
ous damping may be listed as 

a. Feedback compensation Block 4. 

b. Cascade compensation Block 2, 

c. Mechanical compensation Block 3. 

d. Feedback cascade compensation Block 2 and 4. 

e. Feedback and mechanical compensation Block 3 and 4. 

f. Cascade and mechanical compensation Block 2 and 3. 

g. Compensation by input signal analyser and control computer 

Block 1 and 5. 
The compensation may be produced by mechanical devices or electrical 


devices or together. 


SECTION I - DISCONTINUOUS DAMPING USING FEEDBACK METHOD 

Feedback compensation theory is wel] developed in the design of feed- 
back control systems. Here the main point is to use low order feedback 
signals to compensate high order systems, and the high order derivative 
feedback signals are not available. 

From the mathematical view, it is nearly impossible to use only low order 
feedback signals to compensate high order systems, especially in discontinusus 
Systems an overdamped character is needed to brake the system from high speed. 
In the conventional definition the roots of an over damped system are all 
real. According to the relation between the value of roots and the value of 
the coefficients of the differential equation, there will be only one differ- 
ential equation corresponding to each set of roots. In other words, in 4 
high order system if only the low order feedback signals are available, the 
only thing that can be done is to change the coefficients of the low order 
term in the characteristic equation. Common sense indicates that the possibility 
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of making an overdamped system with real roots is not high. 

In the analysis and design of a continuous system, the usual case is 
to specify a pair of complex roots, they give the required performance of 
the system such as the damping factor, the overshoot and the settling time. 
These are called a pair of dominant poles, the assumption is that the other 
poles are far enough from this pair of dominant poles, This "dominant" termin- 
ology may also be applied to the overdamped system, to call one or a pair of 
real roots dominant poles of the overdamped system provided that the other real 
roots are far away and the absolute value of any complex roots are large enough. 
This statement can be proved briefly by using the frequency response approach: 
For a system with one or two real roots near the origin of the plane, then in 
the Bode diagram there will be an attenuation of -6 or -12 db slope in the 
low frequency range, the effect of the other roots will be small since they 
are far away from these dominant poles even if some are complex. The output 
of the system will have no overshoot and no high frequency oscillations. This 
Situation is apparent in the design of the fourth order physical system in 
Chapter II. In this chapter a systematical analysis is made along this line. 

In the second order system, the tachometer feedback is enough to make 
the system overdamped. The larger the tachometer feedback the larger the 
separation between two real roots, until the main channel gain or the feed- 
back channel gain is saturated. 

In third order systems, the tachometer feedback itself may or may not 
make the system overdamped. In this discontinuous system the accelerated 
trajectory is usually underdamped. A pair of complex roots of the underdamp- 
ed characteristic equation may be chosen near the jw axis, and a real root 
far away from the origin of the S plane. In this case the System can be 


made overdamped by only feeding back the negative tachometer signal. But 
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if the imaginary parts of the complex poles are large, or the real root 
is not far away from the origin, then three real roots cannot be obtained 
by only using tachometer feedback, A typical root locus plot is given in 
Fig. 6-2. The result indicates that if the absolute value of the real root 
is equal or larger than five times the imaginary part of the complex poles 
then the overdamped characteristic equation with three real roots can be 
obtained; otherwise there will be one smail real root and two large complex 
roots. As mentioned before, the small real root may be regarded as the domin- 
ant root and the effect of the large complex roots neglected, but in this 
case the gain of the feedback signal should be very high. From Fig. 6-2, 
complex roots tend to approach an asymptote as the tachometer gain goes 
high and the small real root approaches the origin. The high frequency char- 
acter will be damped out by the small root. If the real root in the under- 
damped case is near the origin, then the damping factor of the complex roots 
will be very small. By using the frequency response concept the real root 
makes the system have -6 db per octave attenuation, but the complex roots 
make the system have a positive peak at high frequency. The resultant Bode 
diagram will be like that sketched in Fig. 6-3. For small values of f , 
there may be high frequency ripples superposed upon the over damped trajectory. 
How serious this is will depend upon the application and the character of the 
system under consideration. In general tachometer feedback can make an under- 
damped third order system overdamped provided that in the underdamped case 
the ratio between the absolute value of real roots and the imaginary part 
of the complex roots is large. The limitation of the overdamped case is caused 
by the high frequency ripples due to the complex roots. 

If the second derivative of the output signal can be obtained, then there 
is no problem in producing an over damped system with three real roots in the 
characteristic equation. 
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SECTION II - COMPUTER STUDY AND SPACE ANALYSIS ABOUT THIRD ORDER DISCONTINU- 
OUS SYSTEMS WITH COMPLEX OVERDAMPED TRAJECTORY. 

In Chapter II the die-out trajectory with hyperplane switching was ex- 
plained by saying that the initial condition at the switching instant just 
cancelled the residue of the smallest root, and the die-out trajectory is 
entirely determined by the large roots. But in the first section in this 
chapter there is one small real root and two large complex roots for the 
overdamped case, therefore when the die-out trajectory is determined by 
this pair of complex roots, the trajectory will stay in a plane. decided by 
the two complex roots. If the switching operation is not in this hyperplane, 
then the trajectory is decided both by the real root and the complex roots. 
Since the damping factor of the complex roots decides the character of the 
die-out trajectory, therefore, the die-out trajectory may have an overshoot 
if the damping factor is not large. This has to be considered in the actual 
design problem. In this section instead of making a numerical solution to 
show the die-out part of a discontinuous system with complex overdamped de- 
celerated trajectory the analog computer is used to do this job, with the 
Same set up the switching time is changed to see how the trajectories are 
going on in error space, 

By using the Same computer set up as that in Part II of Chapter IIT, 
only changing the overdamped case to have complex poles, the following 


equations obtain: 


ie +2.02 E + 0.54 E +E => 0 (Underdamped) 


4p re ee ea iG Se 


i = On», Y> =-2~+)1 ; oe —2-j1 
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The equation for the control computer 
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(= (nL KGRIE +l VAxQET E 


(Take r“S as positive values) 
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== 4 x Aes = Se 
Computer setting values : 
Wye =oO27 ov Wa’ — 0,263 
We = j.43 Siz corer 
Wy, = O74 
Wi2 = 4 
We = 0.04 


The computer recording by 


By using Fig. 6-5a,b,c, a space model can be 


using different switching time is in Fig. 6-4. 


made, 


By changing the coefficients of the over damped equation to make the 


small real root to be larger and the complex 


following computer set up: 


eee 


Ee +256 +36 + E =O 
Y =-0.4 , oo -)t+yji 
u, = 4E 2 eos 


root to be smaller as in the 


Y, 71 tu! 
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Computer setting values =: 


W4 — 0,416 OY Wi 
ah 

We == «fh We 
Wis =O ans Miyy = ok 


The recordings for various magnitudes of 


b, c, and a space model can be constructed as 
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W272 = O4 


step input are in Fig. 6-64, 
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Computer Plot for a Second Order 
Discontinuous System with Complex 
Over damped Die out Trajectory and 
, Switched Earlier or Later 
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From the recorded plots in the above figures the characters of the die- 
out trajectory may be described in general, a complex overdamped hyperplane 
is used to control the system, by using the phase space concept. The gen- 
eral character is nearly the same as that using a real overdamped discon- 
tinuous system. The trajectory, when switched at the proper point, wili go 
through the origin for various magnitudes of step inputs. When the switch- 
ing operation is earlier or later, the trajectory will go to the overdamped 
trajectory which corresponds to the continuous case, and oscillate around 
this slow trajectory as in Fig. 6-4. The residue of the small reai root 
has not been cancelled out by the initial condition, the small reai root wili 
be the dominant root in this case, and the smali oscillations are caused by 
the complex roots. 

From Fig. 6-5b and Fig. 6-6c a particular character is indicated by the 
trajectory near the origin that is the small velocity overshoot caused by 
the complex poles. From the space analysis discussions in Chapter I the 
underdamped trajectory tends to confine its later part to a plane and oscil- 


¥ 


py » 3 
late in the quadrants 4, 4, 3, 2, 2, 1, 4. This plane has an angle with 
the E vs E plane, therefore an overshoot that looks large in E vs E plane 


will become smaller in the E vs E plane and even looks like a pure velocity 


overshoot. This character is preferable in Some applications. 


SECTION III - HIGH ORDER SYSTEMS COMPENSATED WITH LOW ORDER FEEDBACK SIGNALS. 
The commonly accepted concept of tachometer feedback is just like a 

friction applied to the system. One might think that for any system if a 

large friction is applied, the system will be overdamped. Unfortunately 


this is not true for high order systems. For example, in the fourth order 
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physical system in Part II of Chapter II, if only tachometer feedback is 
used the system will be unstable if the gain of feedback is too high (Fig. 
6-7). Therefore, a fourth order system cannot be made overdamped by using 
tachometer feedback only. 

By using tachometer output and its first derivative feedback to compen- 
sate a fourth order system, the discussion in Chapter II has given some 
ideas about how to adjust the gains of the feedbacks for that particular 
System. Here an attempt is made to analyze the methods for some other cases, 
for the purpose of obtaining a general view of the compensation technique. 

Since two complex roots near the imaginary axis are decided by the de- 
sign of the underdamped system, assume the other two roots of the fourth 
order characteristic equation are on the negative real axis as in Fig. 6-84. 
The possible ways for obtaining an overdamped system are illustrated in Fig. 
6-8b, c. | 


Since the general equation for these root locus plots is 


KKaCS + Kya) S —_| 
(S4 vy) CS tte) | St40 5 +H) 


Therefore, there are many possible cases due to the different position of 

the movable zero which is decided by the ratio Wares > In Fig. 6-8b by 

uSing the general character of the root locus the root locus tends to go 

to the real axis and then separate into two parts to terminate at the zeros. 
Two real roots can be found on the real axis if the gain is high enough. Also, 
move the movable zero to the left as far as possible, because this gives a 
chance to get only one small root for hypersurface switching. But the mov- 
able zero cannot go over the smallest real root of the underdamped character- 
istic equation, otherwise large complex roots appear as in Fig. 6-8c. The 
easiest way to design this kind of system is to put the movable zero at the 


position where the smallest real root of the underdamped characteristic 
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Fig. 6-7 Root Locus Plot for a Fourth Order System with 
Tachometer Feedback Only. 
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Root Locus Sketches for a Fourth Order System 

with Velocity and Acceleration Feedbacks. 

(a) Poles of Underdamped close loop transfer 
Function. 

(b), (c) Possible cases of compensation. 
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equation is located, then the root locus plot becomes a third order case, 
But remember that a real root of the overdamped system is already located 
at the superposed position. A pole cancelled by a zero does not mean the 
order of the compensated system is reduced by one, unless this zero is in 
the open loop forward channel, otherwise a common factor in the overdamped 
characteristic equation can be factored out. Therefore a real root of the 
overdamped characteristic equation is located at the superposed position. 
A third order example is given in Fig. 6-9a. The variations of the loca- 
tions of the roots when the movable zero is near either side of the pole 
are given in Fig. 6-9b, c. 

In the fourth order system, since two zeros are to be used in the root 
locus analysis, then the system will be stable, because the asymptote is 
always vertical, provided that the movable zero is not far away from the 
origin or from the largest pole. 

If the original under damped system has four complex roots as the 
physical system in Chapter II, the best way to get an overdamped system is 
to put the movable zero at the position which corresponds to the attenua- 
tion factor of the pair of complex poles* not near the imaginary axis. 

As long as they are not near the imaginary axis, an applicable overdamped 
System can be obtained by using only acceleration and velocity feedbacks. 

When the order of the system is more than 4, from the angle between 
the asymptote and real axis the system will be unstable if only these two 
feedback signals are used. But the general approach will be the same as 
that used in fourth order systems, especially when the poles are not near 
the imaginary axis, a fourth order approximation in some cases would be comn- 
sidered as acceptable. 


*The roots of the underdamped characteristic equation are the poles in the 
equation of root locus plot for overdamped feedback control system. 
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SECTION IV - CASCADE AND FEEDBACK COMPENSATION 

The discussion in this section begins with Block 2 in the general 
diagram, The generally used theory in cascade compensation considers the 
lag or lead compensator or their combinations, Here the considerations 
when used in a discontinuous system have to be investigated. It is well 
known that by using lag, lead or lag and lead networks roots of the character- 
istic equation can be placed at desirable positions in the § plane. in 
other words, the system can be made underdamped or overdamped by this kind 
of cascade compensation. According to the theory of discontinuous systems 
a proper switching computer may be found to switch the networks in or out, 
or to change from lead to lag or vice versa, An investigation has been made 
by Skerrett in his Masters Thesis (1959). The general approach can be ilits- 
trated as in Fig. 6-10. 

Block Ni and N, are different kinds of networks. The initial conditions 
are to be made as nearly the same at contact point 1 and 2, the change cf 
gain due to the different attenuations in N, and N, is assumed compensated 
by themselves or the gain of the amplifier can be controlled. The computer 
results illustrated that for such compensation fast and dead beat response 
cannot be obtained as in feedback compensated systems, because in the above 
assumptions che initial conditions on part 1 and 2 are nearly the same at the 
switching instant, then this is a continuous change rather than a reversed 
Signal to apply to the amplifier as in the discontinuous feedback system. 

On the other hand even if the initial conditions are not the same at point 1 
and 2 at the switching instant, the character of the network makes the initial 
conditions limited both in polarity and magnitude. The switching operation 


can only change the input to the amplifier from a large value to @ smail 


value, the overdamped system is controlled by the slow response character 
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‘Fig. 6-10 General Block Diagram of Discontinuous System 
: with Cascade Compensators. 
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(the character of smallest root). Therefore, this is not a switching opera- 
tion according to the hypersurface which uses initial conditions to cancel 
the residue of the smallest reali rcot. How to improve the response character 
by this discontinuous cascade damping method is still a problem that hasn't 
been solved, one possible approach is the design of networks N, and N, as 
active networks. 

Cascade compensation together with discontinuous feedback compensation 
may become very useful especially for high order systems. As indicated before. 
with a system up to five or higher order, a good overdamped character cannot 
be obtained for applying the discontinuous theory using only low order feed- 
back signals. But with cascade compensators it may be possible to relocate 
the undesirable pole or zeros to make a system with dominant real roots. 
Again there is the same problem of initial conditions, but here the feedback 
signals provide a part of the driving signals, the deviation from the theori- 
tical trajectory in the die-out part may be in the tolerable range, and at 
least this is one way to improve the character of high order systems uSing 
low order control or compensating signals. Of course the design of a switch- 
ing computer is based on the theory of approximation. 

Since there are no calculations or computer results to confrim the last 


statement, therefore it may be regarded as a suggestion to the reader for 


making further investigation. 


359 





SECTION V - DISCUSSIONS ABOUT THE DAMPING PROBLEMS IN THE PLANT 

The basic idea in this section is to change the character of the system 
by changing the parameters in the plant (Block 3 in the general block dia- 
Pan). Several methods have been used in control systems, such as the vis- 
cous damper, mechanical braking, shorting the armature circuit, dynamic brax«- 
ing, and stored energy braking. The general purpose is to provide a better 
die-out trajectory, to make it a straight line near the E axis in phase plane 
or near the E vs E plane in phase space, From the mathematical view the damp - 
ing effect produced by the methods mentioned above is equivalent to increasing 
the tachometer feedback in feedback control systems. But this damping effect 
is applied only to the plant, therefore, there is no saturation problems as 
that encountered in the feedback control systems. Especially for relay serve 
Systems, since the feedback signals can only control the switching trajectory 
or hypersurface, they cannot change the character of the trajectory, then the 
damp ing device applied to the plant will improve the response. In some papers 
the investigation about how to control a plant with complex poles had been 
made. The results indicate that the control computer needs to be very complex. 
(Lotz 1960, Chandaket and Leondes 1960). Therefore, the approach of using a 
damping method in the plant will give better results provided that che damping 
can be applied to the plant. 

On the other hand, since the damping effect is needed only in the die- 
out part of the trajectory, then the discontinuous method will give the best 
results. The theory of how to apply the damping is different due to the 
method which is used to produce the damping. But the general! theory about when 
to apply the damping is just the same as discussed in the previous chapters. 
For high order systems the damping or braking method should also be able to 


produce damping effects according to the higher order derivatives of the system 
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output. Up to now this is not easy to do. Using cascade or feedback 
compensation combined with the damping effect in the plant may be a better 
way to solve this problem. 

In the general block diagram of discontinuous systems, it is possible 
to use the control computer to control the time of throwing in the damping 
effect and the character of the damping. Therefore, if a device is designed 
making the damping effect vary according to the output of the control computer 
it may be possible to find an instrument which gives a high order damping 
effect. The basic diagram is suggested in Fig. 6-ll. It may be to design a 
braking device with braking torque proportional to the error and its derivatives, 
such as a braking motor with field controlled by an amplifier, the amplifier 
being a summer of the control signals. For example the simplest case is an 
electric damper, its armature circuit is shorted, its field is controlled by 
a relay to connect or disconnect it from the output of the computer. The 
switching time is also controlled by the control computer. The simplified 
diagram is given in Fig. 6-12. The voltage applied to the electric damper 


may be only taken from aD. C. source. 


SECTION VI- ANALYSIS AND DESIGN ABOUT THREE MODE SYSTEMS 

By looking at the general block diagram of discontinuous system and 
combining the ideas of linear servo, relay Servo and dynamic braking together, 
it may be possible to design a three mode system which gives a better re- 
Sponse character. The general features of these three modes are: 

Mode 1; Underdamped accelerating trajectory. 

Mode 2: Heavily damped die-out trajectory. 

Mode 3: Overdamped character near the origin. 


Three of the possible combinations are given in Fig. 6-13, 6-15, 6-16. 
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Fig. 6-11 Suggested Block Diagram for Damping Device. 
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A brief discussion for each case will be given separately. 

Case 1; Relay servo with dynamic braking and linear auxiliary motor. 

In Fig. 6-13 M, , is an auxiliary motor with high gain but smaller 
in size. [t is controlled by the output of the amplifier. M2 is the main 
relay servo motor. Its applied voltage is controlled by the polarity of the 
amplifier. But in the dead zone of the relay, My is under dynamic braking 
condition by the shunt resistor . The switching line or surface is con- 
trolled by the feedback block H(S) . In the accelerating condition, Mi, 
and Mj, both are driving in the same direction, The whole system is in an 
underdamped condition which gives a fast rising character, In the die-out 
part of the trajectory the switching action is designed to make the whole die- 
out trajectory stay in the dead zone of the relay, then the system is in a 
braking condition. The trajectory will be straight and near the E axis, At 
the last part of the trajectory, the auxiliary motor will drive the system 
to the origin. The motion will be slow, but the final steady state error is 
zero, A simple relay may Be added to disconnect the braking resistor when 
the error is near zero, to make the last part of the trajectory overdamped 
but not heavily damped. The typical response curve for a step input is given 
in Fig. 6-14. 

The stored energy braking theory can also be applied to replace the brak- 
ing resistor ,» the general performance of the whole system is dominated by 
a relay servo character, the improvement is to use the auxiliary motor to 
correct the steady state error. 


Case 2: Continuous system with relay servo accelerating and braking. 


In Fig. 6-15, ™, is larger than Mg the character of Ma is to 


accelerate and damp the continuous system. If a resistor is used to control 


the braking character of M2, then this is equivalent to discontinuous ctacho- 


meter feedback. But My, can increase the main channel gain of the system 
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Fig. 6-13 Block Diagram of a Relay Servo with Dynamic 
Braking and Linear Auxiliary Motor 
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Fig. 6-14 Typical Response Curve 6érThree Mode System for 
a Step Input. 
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in the accelerated part of the trajectory, therefore this is better than 

the electric damper as mentioned before. The die-out trajectory may be a 
straight line or with little curvature, The instant for accelerating and 
braking is controlled by the computer, A switch may be used to control the 
braking resistor R . The typical response curve for step inputs will be like 


that in Fig. 6-14, 


Case 3: Discontinuous system with controlled feedback and relay servo 


braking. 


From Fig. 6-16 the difference between this system and the other two systems 
is that the feedback signals are also controlled by the control computer, 

Based on the previous discussions the analysis about the character of this 
System iS not necessary. 

It may be helpful to analyze a simple case by using the phase plane 
method: 

By assuming the time constants of both motors are negligible and the 
torque and braking applied by Mzare equal to constants JT and F, , respective- 
ly, then the general equation will be ae + F Qc = KK,E +7 
where K and K, are the gain of main amplifier and the first motor respectively. 


For accelerating operation with step input (Model 1). 


e@4 


See +FE + «KE ee ae 
or Ss +AE +BE =-Cc 
where A=Js , B= Khys ; ay 


Let WN = then 


— _-¢-AE-6E Esse, CEB 
y= = eae er 


For N=o0, E= iS 


Therefore, che larger the value of C the larger (more negative) the value 
of E for N = 0, this means the faster the response character. For the die- 


out part of the trajectory (Mode 2). 
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JE+(F +KiKKDE +kk E+ FL, € =0 
Where Ker is the coefficient of tachometer feedback. 


Then ie +AE+BE=0 where K = F+F,+ Ki Krk 
or (S+Nn)(S + 2) =O where Y3 >>- J, 


after taking off the braking resistor (Model 3), 


jis (F+KkKKy)E +kk,E = O 
E+AE+BE=0 where A = F+ k,krk 
os (So @(sit) =to «er 2 =, 
This is an overdamped case, 

Since this three mode system cannot be analyzed only with discussions, 
therefore, a summary of investigation may be useful for the readers who like 
to make further investigations; 

1. Complete general mathematical equations for three mode systems 

with high order motor load combinations. 

2. How to decide the character of each motor according to a defined 

requirement. 

3. Compare the characters of "relay", "linear" and 'discontinuous" 

type of three mode systems. 

4. The effect of motor time constants. 

5. The application for A, ©. systems. 

6. Ramp, step and frequency response of some specific (example) system, 

7. The load character effect. ) 


8. Saturation and other non-linear effects. 
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CHAPTER VII - DIVIDED PHASE SPACE THEORY APPLIED TO DISCONTINUOUS SYSTEMS, 
SECTION I - GENERAL INTRODUCTION 

In the conventional Bang-Bang system, the switching devices are instru- 
mented to follow the die-out trajectory. In cases when the die-out tra- 
jectory cannot be a straight line, then a parabola switching curve is best. 
Because this is hart to instrument, approximation with several straight line 
segments is commonly used. 

In the discontinuous system, if the system is designed to have under- 
damped and overdamped characters that are interchangable by a simple relay 
action, then this kind of system will be better for step input than the 
corresponding optimum switched system, also better than the continuous 
system. 

One theory presented before is to use the underdamped character to give 
a fast rising trajectory and the overdamped character to brake the system in 
the die-out part of the trajectory. The die-out trajectory is a straight 
line or chattered form which stays inside the linear zone. This has been 
proved good for linear systems with step input. By using a translated or 
modified switching method nearly optimum character is obtained for ramp inputs 
also. Since the overdamped character exists inside the relay dead zone oniy, 
therefore the whole phase plane or phase space is full of underdamped tra- 
jectories. If the input signal is a random wave form, and if the changing 
period of the input wave is quite fast, then in some cases the die-out tra- 
jectory will not be able to reach the origin of the phase plane (or error 
Space), The apparent behaviour of this system will be an underdamped system. 
If the relay dead zone is too narrow, then it is very easy to make the relay 
reoperate due to nonlinearity. The idea of using a switching line with slightr- 


ly less negative slope than that of the fast eigenvector was Suggested, but 
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the system response character will still be nearly like an underdamped 
system if subjected to fast random inputs. If the relay dead zone is tao 
wide, the response character for small input signals will be slow, and the 
trajectories for large input signals may have undershoot or overshoot due to 
the drop out line of the relay which does not pass through the origin of the 
phase plane. These lictle tails on the transient response will also be very 
slow as indicated in Fig. 2-!6. On the other hand, the trajectories in quad- 
rant 1 and 3 are underdamped, if a trajectory starts in these two quadrants, 
it will at first enlarge the error and then curve back, this will be slower 
than the continuous system. Finally; the discontinuous system, by using 4 
heavily damped character in the relay dead zone, can have nearly optimum 
character only for step and ramp input, for fast and large random input 
Signals the system is like an underdamped continuous system. 

In order to design a system to be better than the continuous system for 
random input, the divided phase space or phase plane theory will be discussed 
in this section. 

A phase plane can be divided into four parts as in Fig. 7-1. The divid- 
ing lines are the fast eigenvector and the E axis. [In part II and VI, of the 
phase plane, the system is in an underdamped condition as used before; but 
part I and Iff are in a heavily damped condition, the trajectories tend to go 
to the E axis vertically, they will not enlarge the error very much as the 
underdamped trajectories do. 

Since the concept of designing a system to have a fast response character 
is to make the trajectory in the phase plane or phase space go to the origin 
in a minimum amount of time, in other words in phase plane, for same length 
of distance on E axis, the trajectory which covers a larger area will be the 


faster one. Therefore, if the system has different characters according to 


So 





i En Sap pre 


+ 

ae 
a 
i 


: 


4-4 - 
+4 tit 
t 


aa 
H 
Be 
EEE E 
Hy be 
se La 


AEE 


ac 


rh 


HE 
rte 
He 


H] 
io 
coseee. 


alte 
EE 
HH 
hs G 


i 
Ht 


BEY 

EHH 

SEES 

Po 
pret He 

iE 


pT re 


et 
HEE 
ete 


PH 


Serr EEE 
Eff SetHy fe 


Sas é 


a: et tot 


PtH 
Ya] Pe a) 
b+ + | 
jae) al) 
b+ +t 
ryt ] 
aa 
PT ee rt 
Atl 4d 


Ww 
= Te 
SESE | t 
4. 


/ 
Ziel 
a) ahe fale) 


) af Ed 


PAH 
ac 


A 

ae 
oe 
a 


BNE 

4 

[nhs ea 

[esi] aa 

jaan 

Lie { 
edie! 4 ro 

ei wee + res 5 

ama +E y reese _ 

el at # ro re Bm | ak 
bs ro rae ¢ oo) YW 

J 


NS [ 


ae 


a 


art 
aa cu 


FHL oe md 4 : Hert 

Ee ee Lo ee ea Ee i: Hy af: f tt iH 
te pee ie eta epee 
ao rt Pee este rts aes eH TEE Fag 

 F,rmr”r”C~CSCSC 

| 2 ) “iN Seer tee 

| ae het Sauer ii . pe HEE oe Bee HH sae i thd 


Ve 


ao 


a 
a 


et 


Bs |. a0 


eae g ZN 


Hae See EN 


me ee 
pee re ae 
aaee rt? N ++4+ $—= T 1s ee 
AY TT qa 
EEE se 





SH 


i 
it 


Lf nica 
bes a 


an 


Here 
I 


re 


CC 


sgt etapa EN eg 


Fig. 7-1 Divided Phase Plane Plot for Step Input 
and Initial Conditions 
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the position of the state point in the phase plane as indicated in Fig. 
7-1, it will be better than the continuous system for any kind of initial 
conditions or step inputs. 

This statement may be extended to high order phase space by syaing this 
The phase space (stationary error space) can be divided into four parts, the 
limits of these four parts are the E vs E plane and the hypersurface, as in 
the phase plane, part II and Vi are underdamped, part I and III are heavily 
damped. The trajectory which starts at any point in this divided error space 
will have a faster response cheracter than the corresponding trajectory of 
a continuous system. But as point out in Chapter II the high order deriva- 
tive signals are too noisy to be used as control signals, then the limits of 
these four parts can be regarded as the E vs E plane and the switching plene 
used in Chapter ITI, that is, the plane perpendicular to the E vs E plane, and 
passing through the optimum switching line in space for step inputs, Theoreti- 
cally this is only optimum for 4a step input, but the response for any kind of 
initial condition will be better than the continuous system, because in most 
parts of the space the discontinuous system gives fast response except in that. 
small part between the hypersurface and the linear switching surface, Since 
these two surfaces are nearly combined for heavily damped systems, therefore 
the linear switching surface will give a very good approximation. Even in 
case the trajectories cause overshoot, the response is still fast, because 
once they pass over the E vs E plane the system becomes underdamped, and €he 
trajectory goes to the origin very fast. There is no undershoot in this 
error space, because the system gain can be raised to a high value, the dead 
zone of the relay can be neglected, and once trajectories cross over the 
switching surface they can never come back due to the underdamped character 


in part II and VI of the error space, 
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Because the switching surface in this divided error space is very easy 
to control and the trajectories are continuous except at the limiting sur- 
faces, therefore the effect of nonlinearity will not be so critical as in 
the conventional optimum relay servo systems. The changing of the character 
of the system due to different environment will not cause serious trouble. 
In a word, this kind of system will be better than the continuous system as 
long as the different parts of the error space are at under and overdamped 
condition as mentioned before, and the only thing needed is to add some 


amplifiers and polarity sensitive relays, or a simple switching computer. 
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SECTION II - TRANSLATED AND DIVIDED PHASE PLANE AND PHASE SPACE THEORY 
APPLIED TO RAMP INPUT ANALYSIS. 

As discussed in Chapter V, the ramp input tends to translate the phase 
plane or phase space along the positive or negative E axis. The theory of 
using a translated eigenvector to switch the trajectory onto the underdamped 
stable point of the ramp input has been proved to be practical both by phase 
plane plot and by computer results. . 

In Fig. 4-2, the isoclines indicated that if the trajectory Starts from 
a stated point under the relay dead zone, then it will spiral around the under- 
damped stable point (J, because any place outside the relay dead zone is in an 
underdamped condition. If the stable condition is to be obtained as early as 
possible, then heavy damping must be applied in the region under the relay 
dead zone Since all the heavily damped trajectories are nearly vertical lines 
in this region. On the other side of the relay dead zone, all the underdamped 
trajectories are turning back to the underdamped stable points; but the over- 
damped trajectories are moving away from this point, therefore it is necessary 
to apply an umerdamped condition in the region above the relay dead zone. 

This statement may be extended by using the phase space concept that the 
translated hypersurface divides the whole phase space into two half-spaces 
the upper half-space is in underdamped condition and the lower half-space is 
in overdamped condition. Since the gain of the relay can be designed very high 
the dead zone of the relay can be neglected. The relay circuit may be designed 
to have a nearly vertical switching line for the ramp input to avoid the chat- 
tering of the relay and to let the trajectories reach the minimum lagging errer 
condition earlier, 

One thing to consider here is the opposite polarity of the ramp input. 


As the computer result for a second order discontinuous feedback system in 
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Fig. 7-2 indicates that an overdamped condition is needed in the region be- 
tween these two translated switching lines, and underdamped or overdamped 
condition outside this region. Therefore, the whole phase plane or phase 
space is divided into three parts as indicated in Fig. 7-2. 

For a third order system translated hyperplane switching may be used or 
a plane passing through the stable point (J and perpendicular to the E vs 
E plane. The slope of this plane may be adjusted to give optimum response 
to ramp input. The overshoot caused by different initial conditions can be 
eliminated by another switching operation. In any event for the same 
starting point in phase space the trajectory for a discontinuous system will 


be faster than that for the corresponding continuous system. 
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SECTION III - DESIGN CONSIDERATIONS 

A, Step input: 

From Fig. 7-1, for a second order system with step input or stationary 
initial conditions (no derivative signal input), the switching actions are 
needed both on the E axis and the fast eigenvector, and both of them are 
polarity sensitive. A simple relay circuit is suggested in Fig. 7-3, in 


which the E signal is used as a control signal for relay R When the input 


1 
signal is a positive step or the trajectory starts in the upper half of the 
phase plane the relay Ro is directly connected to the output of the control 
signal amplifier Ul, as the trajectory hits the fast eigenvector, R, closes 
the feedback path, and also keeps closed when the control signal is changed 
to opposite polarity. If the trajectory overshoots the relay R, will reverse 
the polarity of the control signal just as the trajectory hits the E axis. 
Since | R., is also polarity sensitive, therefore the feedback path will be 
opened due to the reoperation of the relay Ro» and the system becomes under- 
damped again, then there will be no slow response at the end of the trajectory. 

B. ame input : 

From Fig. 7-2, the method for dividing the phase plane is different 
from that for step inputs. Here the dividing lines are these two translated 
eigenvectors. Their equation is; 

eee ee ea (7-1) 
K ° 

When W,~ is positive, E is positive, E changes from positive to negs- 
tive. The sign of U is positive in the upper side of the translated eigen- 
vector in quadrant one, two and four. Then the whole phase plane can be 
divided into two parts by this polarity sensitive relay action. In case 


the ramp input is negative, E is negative, E changes from negative to posi- 


tive, the sign of is changing from negative to positive, but an underdamped 
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condition is needed. When the sign of U is negative, therefore if the 
same relay is used as for positive ramp input another relay is needed to 
change the sign of the output of the control amplifier. This is the same 


~awe 
switching circuit as for step input except another signal iv is added to 





the control amplifier and the control signal E for Ry is replaced by 
as indicated in Fig. 7-3. 

Since the switching circuit is designed to identify the character of in- 
put signal and initial conditions, then this system will be self-adaptive to 
the input signal and initial conditions. 

For third or higher order systems add another derivative signal to the 
control amplifier to use hypersurface switching, or use this same circuit, 
because the ramp input effect is the same for any order system. Since the 
system has no under shoot and no slow response in the over shoot part of the 


trajectory, then the exact design of the switching hypersurface is not requir- 


ed, 
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SECTION IV - RELAY SERVO OR BANG-BANG SYSTEM DESIGN CONSIDERATION 
The die-out part of the relay servo system, if it can be made overdamped. 


such as by using dynamic braking and various dampers, as in the previous 


‘ sections, then the same kind of theory can be applied to improve the response 


character. The only change is to control the damping or braking circuit in- 
stead of a feedback path. The divided phase plane plot will be nearly the 
same as for a linear second order feedback control system, because a braking 
condition is used in the part I and III as in Fig. 7-l, and all the trajector- 
les are nearly straight lines. When considering the response character for 
all the input signals and initial conditions, any part of the phase plane 

can be regarded as a starting or a die-out part. The improvement is based 

on the assumption that in any part of the phase plane the discontinuous tra- 
jectories can be made better than that of the corresponding continuous system. 

If dynamic braking is used to damp the relay servo system as in Fig. 7-4, 
the braking resistor should be controlled by a switching computer, and the 
power supply path to the motor should be controlled by the switching computer 
also. That is, whenever R, closes R, must be opened. The stored energy 
braking method may also be applied in this case the analysis will be more com- 
plex due to the energy storage parameter caused by the inductor, but the re- 
sult may be better than that of the dynamic braking case provided the ad-~ 
justment is proper. 

Three mode systems were investigated in Chapter VI, there the die-out 
trajectory is made a straight line near the fast eigenvector in the relay 
dead zone, but here the braking effect is used in all parts of the phase 
plane below the fast eigenvector, therefore the switching circuit should be 
polarity sensitive. The other modification can be derived from the investiga- 


tions made in this chapter. 
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For saturated type bang-bang systems one thing of interest is the 


improvement of the ramp input. By using the discontinuous braking method 
the result may be better than that in Chapter V, since the trajectories under 


the switching line are improved. For high order systems the approximation 


method will be just like the divided phase space concept given before. 
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SECTION V - TRANSLATED EIGENVECTOR AND HYPERPLANE SWITCHING APPLIED TO 
TYPE TWO SYSTEMS WITH ACCELERATION INPUT AND DISCONTINUOUS 
FEEDBACK COMPENSATION. 

So far the optimum switching methods eee only concerned with 
type one systems, But in fact this phase plane and phase space theory can 
also be used to design optimum or nearly optimum discontinuous systems 
with type number higher than one. In this section a brief discussion of 
switching lines and surfaces for type two 2nd and 3rd order systems will be 
given. 

A. 2nd Order Type Two System with Discontinuous Feedback Compensation. 

From Fig. 7-5, the equation of the system is 

G< GE Gc ) (7-2) 
i.e. E- K Kye + KE. = O, +KKr Or (7-3) 
For C2 =ait? , then Gp =e 2A tae Ap = 2k ; Op =0 


and the characteristic equation is 





oe: jo ie ee |=o nao 
fee NN = oHhes 
then the isocline ae ee. 1 ers 
~ On ~ N+ Kt (7-5) 
For Ky =O, = = ee (7-6) 


Eq. (7-4) shows that the tachometer feedback changes the system to 
type one. But here this feedback signal is used to damp the system and 
to drive the overdamped trajectory through the underdamped stable point. 
When the stable point is reached this feedback path will open. Then the 


System will again be a type two system, and follow the acceleration input 





2X 
signal with a definite minimum lagging error of K as indicated in Eq. 


(7-6). In other words the improvement is accomplished by changing the type 
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Control 


Computer 
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Fig. 7-5 Block Diagram of a 2nd Order Type Two System 
With Discontinuous Feedback. 
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of the system and its damping at 4 proper instant, and the particular 
character of type two system for following an acceleration input can be kept 
by switching off the feedback signal. 


The isocline equation for Kr = 0 is the equation for a family of circles 
Ze 





with their center at E = (for positive acceleration input). If there is 
no continuous feedback the trajectory for an acceleration input will never 
reach a stable point, since there is no damping. On the other hand if the 
System is switched as a conventional Bang-Bang system, the switching computer 
will be very complex even if restricted to optimum response of step inputs 

or stationary initial conditions. 

But in this discontinuous system there is a time variable in the iso- 
cline equation due to the tachometer feedback. Geometrically this corresponds 
to the overdamped focal point moving in the positive error direction as time 
increases, This is the character of a type one system. The following num- 
erical exampie will illustrate this effect. 

2 


2 
Let Ke= W = 64, olf = 1 rad/sec’, K, = 0.341 


The underdamped ares is a Ee with radius of 


R = ((3 Ae + (44 4)2 = [ (0.125 y+ (0.0313) J7= O27 


The overdamped isocline equation is 


=  WCienkre)-E — _0.0313(1 +21-6*) 
Wy N+kKy i N+ 0.34} 


Consider that the time when the underdamped trajectory starts from BC, 





axis till it hits the translated fast eigenvector is 1/2 to (where to= zp = 4 


sec.), and the time when the overdamped trajectory hits the fast eigenvector 
is Co then two sets of isoclines can be constructed and an approximate tra- 
jectory can be plotted as in Fig. 7-6. Im this case, the value of € is 
very small at the first switching instant, the overdamped trajectory is not 
much different from the underdamped trajectory at the beginning, then chere 
will be a second switching operation at point P, in Fig. 7-6, and a third 
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switch operation at P 3° Since the overdamped stable point is far away 
after this third switching operation, the trajectory will follow the fas+ 
eigenvector and go to the underdamped stable point. 

The other switching line may also be used to apply the feedback damping 
earlier and make the overdamped trajectory just pass through the underdamped 
Stable point and then switch out the damping signal, but the switching com- 
puter may be very complex. 

On the other hand, if continuous tachometer feedback is used to compéen- 
sate this kind of system, the lagging error will be sen mieree as time in- 
creases even if the feedback coefficient is small. 

B. 3rd Order Type Two System with Discontinuous Feedback Compensation. 

From Fig. 7-7, thé equation of this system is 

Ca, Ger Gh [ E - ka Gc -KT Gc J 
ine. E 4(OthKa)E hire +KE = (AehKaGa +kMTER (7.75 


The characteristic equation is 








es we mie - (atkKa)Oa+ khr Gp af 7 

E +(atkia jE +kkre +k[E - i J=0 (7-8) 
For Kg = K~ = 9. 

vs ae =. AOR) — : 

E+ QEetklr-- im ) =0 (7-9) 


For Cp=wit® » Eq. (7-8) and Eq. (7-9) become 


660 : ue S Ah, Ke K Krt 
E+ (At KK a )E + KK re fe KiE- di [eorinay® Wired | (7-10) 


ace we 5 = Gelc 
and E+ a E+k(E- -#)=0 (7-11) 
From Eq. (7-10) and Eq. (7-11), the same statements for the above 2nd order 
type two system can be used here, but in this case the trajectories are in 
phase space instead of in the phase plane, and an additional lagging error 
is caused by the coefficient of acceieration feedback Ko: then for minimiz- 


ing the final error both the tachometer and the acceleration feedback need 
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Fig. 7-7 Block Diagram of a 3rd Order Type Two 
System with Discontinuous Feedback. 
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to be switched out and the minimum lagging error for acceleration input is 
Zak? 

K e 

damped stable point will be moved away from the underdamped stable point 


When the acceleration feedback signal is switched in, the over- 





even at t equal to zero, for small values of a the overdamped trajectorie: 
near the underdamped stable point will be nearly vertical (their projections 
onto the E vs E plane), therefore the translated hyperplane switching theory 
is applicable. 

In summary, for a feedback control system with order n and type m, 
the effect of the mth derivative of the input signal is to translate the 
Stationary error space along the error axis. Improved response for this 
mth derivative input can be obtained by translated hyperplane switching theory, 
to control the discontinuous feedback signals. The effect of the input sig- 
nals with orders less than m is to enlarge the lagging error that is caused 
by the mth derivative signal (for negative feedbacks), and the effect is a 
function of time and only acts in the period when feedback signals are switcn- 
ed in. If the overdamped trajectories near the E axis are nearly vertical 
(the projections onto the E vs E plane), the translated hyperplane or the 
approximate switching plane (by using E and E as control signals) wili be in 
a converged region in the error space. The same concept can be applied to 
Bang-Bang systems with damping devices. And the divided error space theory 
will also be useful for considering random input signals and initial condi- 
tions. Here the particular character of the discontinuous system is based on 
phase space methods to simplify the switching computer and to be self adaptive 


to various input signals and initial conditions. 
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SECTION VI - RAMP RESPONSE ANALYSIS OF 2ND ORDER SYSTEM WITH DISCONTINUOUS 
FEEDFORWARD COMPENSATION. ~ 
From Fig. 7-8 
Go +AGc = NHE+R EJ (7-12) 
Where Ke is the coefficient of E feedforward Signal 


Oc +08¢ = KE +KBrE (7-13) 


? 


Oc = @g-E 


E+(A+kkeE+k € = Ag + Og 














(7-14) 
For On Wit , Cg= Wi , == 0 then | 
F +(A-KRAIE +K i "0 (7-15) 
dé», 
Let N= .- qe the isocline equation is 
AW; 
E K : 
1 - BeKe 
N + Wn (7-16) 
\2 ny —_ 
Let a = Oy K = 64 =W,, ree) reece R= 0. 3 
Then a 0.0406 —~E — _ 0.0406 -E (7-17) 
Wry N+ 0.325 +2.4 N+2.725 
For Rr=0 
= me 0.0406 -E (7-18) 
Wn N+ 0.325 | 


The phase plane plot for this set of numerical values is given in 
Fig. 7-9. Equation(7-18)is the same isocline equation as used in Chapter V 
for Fig. 4-2, but Eq. (7-17) is different from Eq. (5-4) by an amount of 
in the numerator. Therefore the translation of the underdamped stable point 


is eliminated, 
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-Fig. 7-8 Block Diagram of a 2nd Order System with 
Feedforward Compensation. 
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In this phase plane plot, because the starting point of the tra- 
jectory is above the translated fast eigenvector, there is an overshoot 
at the end of the trajectory. The response will be very slow there. But 
if the value of &, is too large, the starting point may be lower than the 
translated fast eigenvector, and an undershoot will occur. By using proper- 
ly chosen values of A, the optimum response character can be obtained. 

The condition for making the translated fast eigenvector pass through 
the starting point of the ramp input on the E Om axis can be derived from 
the following equations: . 


Equation of the translated fast eigenvector is 
awe: 








Be ee (7-19) 
Wy Aat+KRs 
No + at on 


; ‘ 
For E = Q, the intersection on the BO, axis has to be on then 





awe (7-20) 
K Ww, 
+tkR Ww 
N + aoe n 
i.e, ky = a (7-21) 


Since the slope of the translated fast eigenvector is N, then 








We 
= Wr _ _ Wo (7220) 
N= AW: .* QO 
K 
Substitute Eq. (7-22) in Eq. (7-23) 
k= — (723) 
a I 


For the above example, a = 2.6, k = 64, Wn = 8, then Rr = 0.385, and 


Y, —_—a= 220. Y2 = 24.6 


The isocline equation for the overdamped case is 
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E 0.0406 -E — 0.0406-E 


Wn N+0.325+3.07 N + 3.395 
F th tra Slated fast eigenvector, —_ V2 — 246 — .O 
or the tran igenvector, jy = Wat — 3.07 


and for E = QO 


ae WE Fa _ 
iD, = ees Wiz O12ZSU,= | nad feec. 


The phase plane plot is in Fig. 7-10. 








Because the trajectory in the phase plane exactly follows the fast 
eigenvector, therefore this is the optimum response for a ramp input. 

Since the value of Ry for this condition has no relation with the 
magnitude of the ramp input, as long as the linear relation holds, this is 
the optimum condition for any value of ramp input. 

In order to consider the effect of nonlinearity and the random ramp 
initial conditions and inputs, the divided phase plane theory is applicable. 
But the underdamped and overdamped parts are divided just as for step inputs 
for a feedback compensated 2nd order system except the translation along 
the E axis as indicated in Fig. 7-10. 

From this ramp input response analysis, the gain of the feedforward 
path has a definite relation to the open loop pole, but there is no rela- 
tion between them for the step response, therefore the optimum design pro- 
cedure needs to be started from the ramp input analysis rather than step in- 
put. 

After the optimum response character for the ramp input 1S obtained 
this kind of system will naturally have optimum character for step inputs, 
because the control signal for sae tee the hyperplane will become zero for 


Step inputs, 
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Fig. 7-10 Phase Plane Plot for a 2nd Order System with Discontinuous 
E Feedforward Compensation and Ramp Input. 
(1) Optimum Trajectory. 
(2) Underdamped trajectory 
(3) Trajectory for an Initial Condition 


Part (LI) and (III) Overdamped 
Part (II) and (IV) Underdamped 
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To improve the response of the system by using very heaving damping the 
fast eigenvector is nearly combined with the E axis of the phase plane for 
a step input, then the starting point of the ramp trajectory must stay below 
the translated fast eigenvector, in this case the divided phase plane theory 
has to be applied in order to eliminate the undershoot of the ramp input. 


A sketched illustration is given in Fig. 7-11. 
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Fig. 7-11 Phase Plane Plot for a 2nd Order System with Large 
Discontinuous Feedforward Compensation and Ramp 
Input. 
(1) Step Ramp Input Trajectory 
(2) Trajectory of an Initial Condition. 
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SECTION VII - 3RD ORDER TYPE wt SYSTEM WITH DISCONTINUOUS FEEDFORWARD 
AND FEEDBACK COMPENSATION, 


From Fig. 7-12 


-E + A(@g- E) + B (G,-E) = KE + Kk E - RE Bee + KK E 

E+ (A + KK )E + (B + KK, JE + KE = Og +(A + KK) +B6p (7-24) 
. ov & 
| For a step input, Oe ee 6. = 0, Eq. (7-24) is a conventional 3rd order 
| characteristic equation. Hyperplane switching methods can be applied. [If 


~ 


the original uncompensated syste*% cannot provide a fast rising character, the 






gains and the polarities of the feedfowyard and feedback signals may be con- 


trolled by the control computer. 


ev 3 ; We 
For a4 ramp input, OR = 0, Be ~ Wi» che minimum lagging error co 
S 
and translated hyperplane switching is applicable. 
5 2 ég a ° = aty 
For an acceleration input 3p -aAct , 6. = 2A¢t, 6. = Zd¢ , 0. = 9, 


there will be a lagging error due to B and changing with time. Since this 
is a type one system, it cannot follow an acceleration input, but the stat- 
tionary part of the lagging error can be reduced by feeding forward the E 
Signal to replace the ee feedback Signal, If the value of B is not 


large, the system will approximately follow the acceleration input for a 


short period, 














K 
S$ ©5+P1)(S + Pa) 









Gorirot 
Compu te r 


Fig. 7-12 Block Diagram of a 3rd Order Type One System with 
Discontinuous Feedback and Feedforward Compensation. 
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SECTION VIII - TRANSLATED HYPERFLANE AND DIVIDED PHRASE SPACE THEORY APPLIED 
TO 3RD ORDER TYPE TWO SYSTEMS WITH DISCONTINUOUS FEEDFORWARD 
COMPENSATIONS. 


From Fig. 7-13 


e+ a6, = KE = K(E + RE + ££) (7-25; 

ete ; ; 6 4 see oe” ea ZN 

E + (a 4 KBE + Se + KE «= e, +a Ge. (7-26) 
For step input and ramp input, 6, = 8, = Q 

E + (a + KBE a Kp E + KE = 0 (7-27) 


Assume the reali roots are r r,, and r,, and r is very smail., 


eee: a 1? 
From Chapter II, the equation of the fast hyperplane is 


o@e 


Ul = E+ (rr. + r,)E + roc,E = 0 (7-28) 


2 
This is one of the boundary planes of the divided error space for step 


and ramp input. 


2 =< 50 7 
9 o,= 0, On = 2ol¢ 


B+ (a + Kea)" + Ker Pi KCE > mnt ) = 0 isc) 


For acceleration input 6. =a t 





The equation of the translated hyperplane is 


\A aE + ( ig 


I E ~ aid je 7730 
> + © 4) E+ £56, (E aa 0 i- 30) 


For positive acceleration input, this equation corresponds to a plane par- 


allel to the original hyperplane for step input. The point of intersect ton 

2 Aa ¢ 
IK Q 

of intersection of the E axis has to be of{ then 


oa: 
VY2Y3 ae ae 


If divided error space theory is not used the system will have accelera- 


one the E axis is 





For optimum acceleration input reSponse the point 





tion overshoot or undershoot unless the product of Y2g and Yzis chosen accord- 
ing to the above relation. The value of Vz ,¥3 has to be equal te or large? 


than — even in the divided error Space, juse like in the 2nd ordex case, 
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Fig. 7-13 Block Diagram of a 3rd Order Type Two System with 
Feedforward Compensation, 
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The starting point of the positive ramp input is desired to be under the 

translated fast eigenvector, A sketch of this hyperplane is in Fig. 7-14. 
Moreover if the point of imtersection of this translated hyperplane on 

the E axis is specified to be equal to or larger than a definite valve we 


then another relation between Ya and Ys is 


(¥Y2+%3)E +Y2Y3 S mR .=30 
: Y2.¥3 ae Ww (7-32 
— —_ : = ; 
or — (Ya 4¥5) = & ( J 


Therefore both the values of y, and Ys can be specified and the gains 








of feedforward paths can be calculated. This does not mean that only one 
particular set of roots can give optimum response for step, ramp and accelera- 
tion inputs, the relations just derived are guides for choosing the values 


of real roots, In case heavily damped compensation cannot be obtained, these 


relations will indicate how the trajectories are shaped near the hyperplane. 


383 





s -~ 





Fig. 7-14 A sketch to Show the Intersection Points 
of the Hyperplane on the Axes, 
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